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The convexity method in probability theory

Setting:

e (2,F): a measurable space

e P: a convex family of probability measures defined on it
e O C P: a subfamily such that P = conv(Q)

e f=(f1,...,fn): 2 — R™ a Borel measurable function

o M(P) := {fodP . P e 7?}: the set of f-moments of P

Claim 1.: M(P) coincides with the closed convex hull of the set
M(Q).



Claim 2.: An inequality of the form

h1(Efi(X),. .., Efa1(X)) < Efa(X) < ho(Ef1(X), ..., Efa_1(X)),
where hq and ho are convex, resp. concave (n — 1)-variate functions,
holds for every X with distribution in P, if and only if it holds in O.

Some previous applications of the method:

o T. F. Mori and G. J. Székely: A note on the background of
several Bonferroni—Galambos type inequalities, J. Appl. Probab.
22(1985), pp. 836—843

o T. F. MOri and G. J. Székely: On the correlation between the
sample mean and sample variance. In: A. Ivanyi (Ed.), Second
Conference of Program Designers. ELTE, Budapest, 1986, pp.
207—209



Some examples

P := the set of probability distributions concentrated onto H C R*.
Q = the set of degenerate distributions ¢, with x € H.

P = the set of probability distributions with fixed expectation
p e R.

— X
Q:={Pyy:z<pu<ypU{du}, wherery_y Méx—l—u Oy -

y—x y—x

the family of symmetric unimodal distributions.
the family of symmetric uniform distributions U[—xz, z], > 0.

he family of unimodal distributions with mode pu.

D
Q:
P .=t

Q = {Ulz,p] 1z <ptU{Ulp,z] : p <z}



Generalization of some moment-type inequalities
of F. Qi and T. K. Pogany

Under what conditions on f does the inequality

[ U@ > ( [ bf(a:)d:z:)ﬁ

hold for fixed o and 87 (This question was studied by e.g. F. Qi,
S. Mazouzi and F. Qi, K. W. Yu and F. Qi, N. Towghi, T. K. Pogany.)

Consider the interval [a,b], with the uniform distribution, and the
random variable X = f. Then the previous inequality becomes

E(XY > C(EX)?, where C = (b—a)’ 1.



Theorem 1. H = [xz1,x5] is called a maximal interval of type I if
E(X%) > C (EX)P holds for every random variable X such that P(X €

H) =1, and no larger interval exists with the same property. Let xg be
1

the only positive solution of the equation % = C:vﬁ, I.e., xrg = Cca—=p3,

Suppose o < 1. Then all maximal intervals H = [x1,xz5] oOf type I
can be obtained in the following way: let z > xg be arbitrary, and let
x1 < xo be the positive solutions of the equation

= C(1 — B)2° + CBz""1z.

On the other hand, if 1 < «, the only maximal interval of type I is
H = [z, +00).

A similar theorem holds for the converse inequality E(X%) < C (EX)P.
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Sketch of proof

Let H = [z1,x5] be an interval. The moment set M = {(EX,E(XO‘)) :
P(X eH)= 1} is equal to the convex hull of {(a:,:co‘) X € H} Now,

E(X®) > C (EX)P holds if and only if M lies entirely above the graph
of the function z — C 2P, z € H.

When o < 1, the function =z — z% is concave, hence the moment
set over H is just the area between the curve of the function and its
chord, and the chord lies below the curve. By the maximality of the
interval, the chord must be tangential to the curve z — CzP. The
straight line described in the theorem is just the tangent to the curve
r — CxP at point x = z.



If « > 1, the function = — z% is convex, hence the moment set lies
above the curve. Since z® > CzP for z > zg, H = [zg, +00) is a type I
interval and it cannot be extended, because z¢ < CzP for 0 < z < Q.




Diaz—Metcalf type inequalities

Diaz—Metcalf inequality (in a probabilistic setting): Let £ and n be
bounded, P(m1 < &< Mqp)=1, Plmr<n<M>) =1, my>0. Then

moMoE£2 + mi My En? < (mymo + My M) Eén,
and equality holds if and only if P(m->& = Mqyn or M>f = mqn) = 1.

Theorem 2. Let £ and n be as above, with positive my1. Let a and b
be positive numbers. The smallest positive ¢ such that

aE¢% 4+ bEn® < cEén
always holds is given by

( M M
“Z”b 5 f %SmQMQ’
_ mi m1 My
€= ]\4?+bm2 i a,>m2M2
a—-= —=, - :
. Mo M4 b m1 M7




As a generalization to the problem, let X = 52 and Y = 772; then
£n = v/ XY, a concave function of X and Y, and P[(X, Y) € D] =1,
where D is a rectangle.

Theorem 3. For any ¢ . D — R concave function, we gave exact

lower bounds for Eo(X,Y) of the form pEX + qEY + r.

Chebyshev-type inequalities for scale mixtures

Let F' be the p.d.f. of a fixed symmetric distribution, and X a mixture
of the scale-transforms of the distribution F..

With given a > 0, we look for the minimal value of C, which satisfies
for every t > 0

E| X
P(X|2 1) < a0




Theorem 4. Suppose that F' has a density f, which is continuous and
positive over a finite or infinite interval, and O outside of it. Suppose

further, that for z > 0, zl+0‘f(z) is initially increasing, then decreasing.
Let zo, be the smallest positive root of the equation

() _
F(z)
In terms of this zo and
- ()

we have

(2F(20)2217%, ift > za,
max P(|X| > to) = ¢

|2 F(t) otherwise.
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Remark: Consequently the Chebyshev constant is

. 2 F(20)2%

C
0! M.,

/
If f is differentiable on (0,-oo), and 4 2
f(2)

function of z > 0, then our condition is satisfied, and the positive
root of equation defining z, IS unique.

IS a strictly decreasing

Some particular choices of base distributions, for which the conditions
are satisfied:

U[—1, 1], standard normal, Student’s t-distribution with v > 0 degrees
of freedom, two-sided gamma distribution

11



