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1 Preliminaries

The dissertation deals with some aspects of the statistical analysis of
random permutations. Random permutations most frequently appear as or-
derings of the elements of a finite set. In sociological studies, individuals may
be asked to rank a number of choices according to importance or preference.
In other cases, voters, judges, or exam boards rank candidates, tenders, or
applicants, and make decisions based on these orderings. Moreover, a per-
mutation can describe the pairing of the elements of two sets: one can pair
jobs with employees or students with tutors. Finally, any real dataset may
be analysed based on only the ranks.

My aim was to give an overview of the various parametric models appli-
cable to permutation data, to study estimation of the parameters and assess
of fit, and to develop new models. Part of my motivation for this research
was the experience that we — my supervisor and I — could not find a well-
fitting simple model for the 1980 election data of the American Psychological
Association. This dataset is one of the most well-studied in the literature,
see for example [1, 3, 10, 11, 13]. We could formulate a simple model, which
did not provide a satisfactory fit for these data, but performed significantly
better than the other models. This new model led me to consider conditional
independence models and factorizing models for random permutations. In
the dissertation, borrowing terminology from the theory of contingency table
analysis, I call these models hierarchical models.

The book by Marden [10] gives a thorough overview of the existing models
for random rankings. The author was partly inspired by the conference enti-
tled “Probability Models and Statistical Analyses for Ranking Data,” held in
Ambherst in 1990, the proceedings of which was edited by Fligner and Verducci
[5]. The paper by Critchlow, Fligner and Verducci [2] also deserves mention-
ing, which, while shorter, contains important results about the properties of
the models (reversibility, label-invariance, L-decomposability, unimodality,

complete consensus).



2 Methods

One of the tools I used is algebraic statistics. As the name suggests, this
field is concerned with the application of algebraic tools in statistics. These
tools are especially suited for studying closures of exponential families, which
is of both theoretical and practical importance. The following specific results,
used in the dissertation, can be found in the papers by Diaconis and Sturmfels
[4], Geiger, Meek and Sturmfels [6], and Rapallo [12].

Let X = {xy,...,25} denote a finite set, and let M = (m;;) be a t x s
matrix with nonnegative integer entries. The probability distribution p =
(p(z1),...,p(xs)) is said to belong to the so-called toric model F (M), if

there exist nonnegative parameters Ay, ..., \;, with which
t
plai) =c\) [N, 1<i<s.
j=1

The set T is called M-feasible, if for each i ¢ T, we have Supp(m;) €
UjerSupp(m;), where m; denotes the ith column vector of M, and Supp(-)
denotes the support of the vector in the argument. The nonnegative toric

variety associated with M is the set
Xy={reR{;: 2" -2"=0 Vu,v €N such that Mu = Mv},
where 2" = [[, ;. The toric ideal generated by the polynomials z* — z"

above is denoted by I,.

Theorem 2.1 (Geiger et al. [6]) cl(F(M)) = Xy, where cl(-) stands for
closure. Moreover, for p € Xy, we have p € F(M) if and only if the support
of p is M-feasible.

Theorem 2.2 (Rapallo [12]) For every M, there exists a mazimal repre-
sentation Myax, for which cl(F(M)) = F(Mpax)-

The functions fi,..., fr, : X — Z are said to be a Markov basis for the model
F (M), if for every u, the steps f; generate a strongly connected graph on the
frequency vectors g : X — N satisfying Mg = u (where the step f; takes
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g to g + fi). Markov bases can be used to run Monte Carlo procedures for
assessing goodness of fit in the case of small datasets, where the asymptotics

of the x? test is not applicable.

Theorem 2.3 (Diaconis és Sturmfels [4]) The functions f1,..., f1, con-
stitute a Markov basis if and only if the polynomials 2l =20 are a generating
set of the ideal Inr, where f;° (f7) is the positive (negative) part of f;.

I also used the theory of hierarchical and log-linear models, or more gen-
erally the theory of discrete exponential families. The relevant results can
be found in the book by Lauritzen [8]. Keeping the previous setting, let
A € A be partitions of the set X, and let the rows of the matrix M4 be
the indicator vectors of the classes of these partitions (so for a partition
with k classes, we have &k rows in M 4). Then in the model cl(F(My4)), the
maximum likelihood estimate exists uniquely, and it can be found by e.g.
iterative proportional scaling (IPS). For any x € X, let x(A) be the class of
partition A containing z, and for any probability distribution p on X, let
p(x(A)) = 3 cxy(a)=s(a) P(y) be the p-probability of this class. Suppose we
have a sample with empirical distribution r, and we want to find the element
of cl(F(M,)), which maximizes the likelihood of the sample. Let p(® be an
arbitrary strictly positive element of the model F(M4) (e.g. the uniform
distribution). Then the (¢ 4 1)st iteration step of the IPS algorithm updates
p® as

Pt (z) = %p(ﬂ(z), v e X,

where A runs cyclically over the set A.

3 Results

3.1 The inversions model of McCullagh

The following model was introduced by Peter McCullagh [11]. Let C' C [n]
be a k-element subset. A permutation oo of the elements of C' is called a
(k — 1)st order inversion, if none of its coordinates is in its own place with

respect to the monotone increasing order (where [n] = {1,...,n}). We say
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that the permutation 7 € S, contains the inversion o¢ (in notation o¢ C ),

if the elements of C' appear in 7 in the order 0. Then the model defined by

the inversions o/, ,...,0¢, consists of distributions satisfying
logpp(m) = > i, 0=(61,...,6,) €R. (1)
i:agigﬂ'

In the dissertation, I prove McCullagh’s following conjecture.
Theorem 3.1 In the model (1), if @ # T, then py # p..

The theorem is equivalent to the following combinatorical reformulation. De-
fine a graph Gg on the vertex set S, as follows. From the permutation 7,
there is a directed edge to all permutations obtained from 7 by moving one
element to its proper position (other elements are shifted, if necessary). As
an example, for n = 5, from (24351) there are directed edges to the permu-
tations (12435), (42351), (23541), (24315).

Theorem 3.2 There are no directed cycles in the graph Gp.

3.2 EM algorithms for Plackett-Luce-type models

Take n players, the overall ability of the ith one is expressed by the
parameter \;. According to the Plackett-Luce model, if the players I C [n]

take part in a competition, then the probability of the ordering 7 is

U

Ar(k)
pim) =[] =i~ (2)
k=1 Z‘]:‘k A ()

where 7(1) is the overall winner, 7(|I|) is the overall loser. Luce [9] derived
this model from the ranking postulate and the choice axiom. It is easy to
check that if Z; (i = 1,...,n) are independent random variables, exponen-
tially distributed with parameters J);, then the righthandside of (2) is just
the probability P(Zr1) < ... < Zzq). This observation leads to the follow-
ing EM algorithm, which iteratively finds the maximum likelihood estimate

of the parameters \;. Suppose we have m observations, the rth of which



consists of the ordering 7, of the players in I,. For all i € I,., let (i) be the
rank of 7 in the ordering 7,. Finally, let m; denote the number of observed

orderings containing player . With these notations, one EM-step is given by

-1

Al ZZ 1<i<n.

Ifr\
rucl, k=1 Zy k)\wr

Hunter [7] derived MM algorithms for this model and its generalizations.
He also gave conditions under which the algorithms converge to the unique
maximum likelihood estimate. I showed that EM algorithms are also a natu-
ral choice for this estimation problem, although, according to my simulation
studies, their convergence is slower than the convergence of the MM algo-

rithms.

3.3 L-decomposability

For a permutation 7 = (7(1),...,m(n)), let 7{i..j} = {7(i),...,7(45)}
and 7(i..j) = (7(i),...,7(j)). The random permutation II (and its distri-
bution) is L-decomposable, if the sets TI{1..k}, k = 1,...,n form a Markov
chain. “L” stands for Luce, since these are exactly the distributions satisfying
Luce’s ranking postulate. Denote by (m, p) the concatenation of two partial
permutations, and for a subset C' C [n], let S¢ consist of all permutations of
the elements of C.

Theorem 3.3 The L-decomposable distributions form a closed toric model.
The toric ideal corresponding to the model is generated by all polynomials of
JOrm Tx, p1)T(ma,p0) = Ty o) L(marpr)> Where mi, mo € S and pyi, pa € S\ for

some C.

Theorem 3.4 Forn =4 andn =5, the L-decomposable model has a unique
minimal Markov basis, which is equal to the one described in the previous
theorem. For n > 6, the basis of the previous theorem is not minimal, and

the minimal basis is not unique.

The following theorem is about the properties of the maximum likelihood
(ML) estimate.



Theorem 3.5 In the L-decomposable model, the ML estimate always exists
uniquely, it has an explicite form, and its exact distribution can be calculated.
Moreover, the following hyper Markov property holds: for all k, the random
distributions { P(IL(1..k) = u)}, and {P(II(k+1..n) = v)}, are conditionally
independent, given the random distribution {P(I1{1..k} = C)}¢, where P
denotes the ML estimate.

3.4 Bi-L-decomposability

The following property was not studied in the literature before. Let us
call the random permutation IT (and its distribution) bi-L-decomposable, if
both IT and II"! are L-decomposable. I introduced hierarchical models for
random permutations to study bi-L-decomposability. Let D (resp. R) be
partitions of [n] with d (resp. r) classes. The coarsening of ™ on the product
partition P =D x R is the d x r matrix

[T(P)| = (tij), tiy=H{1<s<n:seDjn(s)€ R}

Definition 3.6 Let Py, ..., Ps be product partitions of [n] x [n]. The strictly
positive distribution p on S, belongs to the hierarchical model with generators
Py, ..., Ps, in notation p € L(Py, ..., Ps), if there exist functions 0; such that

logp() = 291(|7T(PZ)|) Vr € Sy.

We write D' > D if the partition D’ is finer than D.

Theorem 3.7 Let L(D; xR :i=1,...,5) and LD xR, : j=1,...,1)
be two hierarchical models, where D = D; and R = R; for all 1 < i < s,
1 < j <t. Then the intersection of the two models is the hierarchical model
LD, xRj:i=1,...,s,7=1,...,1).

This theorem is applicable to the L-decomposable hierarchical model and
its inverse, whose intersection is the bi-L-decomposable hierarchical model.

Some further calculations yield the following.



Theorem 3.8 The family of strictly positive bi-L-decomposable distributions

_1 .
has 2?21 i? free parameters.

In the dissertation, I give two parametrizations, which correspond to two
bases of the subspace in R™ spanned by the logarithms of bi-L-decomposable
distributions. One basis is orthogonal, the other is 0 — 1.

Each hierarchical model has a matrix M4 of the type described in the
Methods section. Denote by Mj, the matrix of the [L-decomposable model,
and by Mp the matrix of the bi-L-decomposable model. T could determine
the Markov basis of F(Mg) only for n = 4.

Theorem 3.9 The minimal Markov basis of F(Mpg) for n = 4 consists of
10 degree-2 polynomials (from the Markov bases of F(My,) and its inverse),
and 8 degree-4 polynomials.

This observation led to the following result, valid for all n.

Theorem 3.10 The model F(Mpg) is not closed, and even its closure is a

strict subset of all bi-L-decomposable distributions.

3.5 S-decomposability

In the analysis of bi-L-decomposable distributions, a stronger property,
S-decomposability played an important role. The random permutation II
and its distribution p is S-decomposable, if there exist parameters A(C) > 0
(C C [n]) such that p(m) = [[;_, A(m{1..k}). I is bi-S-decomposable, if both
IT and IT"! are S-decomposable.

Theorem 3.11 A strictly positive distribution p is S-decomposable, if and
only if it is L-decomposable, and there exist parameters N'(C) > 0 such that

N(CUx)

PTGk +1) = 2l TH{1.k} =€) = = )

Strictly positive S-decomposable distributions form a hierarchical model with
model matrix Mg. The corresponding toric model F(Mg) is not closed,

however, its Markov basis can be characterized.
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Theorem 3.12 Let the sets Cy, Dy,C5, Do, ...,C;, D; C [n] satisfy |C;| = k,
|Dz| =k+1, and Ciaoi-i-l Cc D, (wzth Cj-l-l = 01) Let m; € Sci and

pi € Si\p,- For all such choices, create the polynomial

J J

H L (7, Di\Cispi) — H L(r;,Di—1\Ci,pi-1)>

where Dy = Dj and py = p;. These polynomials, together with the ones in
the Markov basis of F(My,), form a Markov basis of the model F(Ms).

In summary, we found that the S- and bi-S-decomposable families are more

complex algebraically than the L.- and bi-L.-decomposable families.

3.6 Label-invariance

Suppose the elements of a set are labelled with the integers 1,...,n, and
an ordering of these elements is given by 7. If we relabel the elements, i.e.
change label i to label o(i), then the same ordering is given by the permu-
tation o7 (the operation here is group multiplication). Similarly, if 7' is
a ranking expressed with the original labelling, then the same ranking with

lg=1. This motivates the question, whether a

the new labelling becomes 7~
model for random permutations is invariant under multiplications from the

left and right.

Theorem 3.13 Let n > 4. The family of L-decomposable distributions is
invariant under left multiplications. It is invariant under right multiplication
by o, if and only if o belongs to the eight-element subgroup of S,, generated
by the permutations (nn—1...21) and (2134...n).

It is natural to ask which subfamily of the L-decomposable distributions
is invariant under all right multiplications. More precisely, we are looking
for those distributions on S,,, which remain L-decomposable after any right

multiplication.

Theorem 3.14 Let n > 4. A strictly positive distribution p on S, re-

mains L-decomposable after all right multiplications, if and only if it is



quasi-independent, i.e. there exist parameters ¢;(x), 1 < i,x < n such that

p(m) =TTz el (3).

4 Conclusions

The research reported in the dissertation showed that while there are
many simple, elegant, practical and realistic models to describe random per-
mutations, there is still room for the development of new models. Such could
be hierarchical models, some of which can be interpreted as conditional inde-
pendence models. I would like to characterize “simple” hierarchical models,
which would be an analogue of decomposable graphical models in the classi-
cal theory. Greater insight could be gained by calculating the Markov basis
of other hierarchical models, the main difficulty is that current algorithms
quickly become infeasible as n grows. It would be useful to give general up-
per bounds for the degree of these Markov bases. A characterization of the

intersection of hierarchical models in the general case is also open.

The dissertation is based on the following papers

e Conditional independence relations and log-linear models for random
matchings. Acta Math. Hungar., Online First (2008).

e (with Rejts, L. and Tusnady, G.) Statistical Inference on Random
Structures. In: Horizons of Combinatorics, Bolyai Society Mathemat-
ical Studies 17, Springer (2008), 37-66.

e Markov bases of conditional independence models for permutations. To

appear in Kybernetika.

e On L-decomposability of random permutations. Submitted to J. Math.

Psych., under revision.

e An acyclic operation on the symmetric group. Submitted.
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