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Abstract. We study probability distributions on all possible complete match-
ings in a complete bipartite graph, where the vertices in both sets admit a linear
order. We define a family of distributions, and give its equivalent implicit and
explicit (parametric) description: it is characterized implicitly by a collection of
interesting conditional independence statements, or explicitly by the property that
the distributions belonging to the family factorize into factors which depend on
“local” properties of the matching. We also calculate the number of free parame-
ters in this family.

1. Introduction

Let G = (M,W, M x W) denote a complete bipartite graph, where |M|
= |WW| =n are the two sets of vertices. m is an arbitrary positive integer,
which will be fixed throughout the paper (nontrivial results will hold only
for n = 4). We think of M as a set of men, W as a set of women. The set
of edges is M x W, i.e. there is an edge (m,w) in the graph for all pairs
(m,w) € M x W. A complete matching is a subset § C M x W such that
for every m € M, there is exactly one w € W such that (m,v) € 6. Thus a
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132 V. CSISZAR

complete matching allocates a wife to each man. We will sometimes omit the
adjective “complete”; since we do not address incomplete matchings in this
paper. We suppose that both men and women admit a linear order, which
reflects the order of desirability of the individuals as marriage partners (or
anything else). Thus we label both men and women with the elements of the
set [n] = {1,...,n}: the smaller the label, the more desirable the individual
is. This allows us to identify both M and W with the set [n], so the edges
become ordered pairs (i,j), where (i,7) denotes the edge between the ith
man and the jth woman. We will think of the graph G drawn in the plane
such that the vertices are arranged in two columns: men to the left, women
to the right, and labels increasing from top to bottom. Edges are drawn as
straight line segments.

A complete matching J is equivalent to two permutations myy, Ty € Sy,
where S,, denotes the symmetric group of all permutations of the set [n]. We

denote an element of S, as m = (7(1),7(2),...,m(n)). Then my and my are
given by
(1) (5:{(2',7TW() 1208 } {71']\/[ 1<z<n}

For example, for n =4, if § = {(2,3),(1,4), (4,2),(3,1)}, then my = (4312)
is an ordering on the women, and 7y; = (3421) is an ordering on the men.
Notice that my and mys are each other’s inverse in the group S,. The three
objects &, myr, Ty are equivalent.

Our aim is to define and study meaningful probability distributions on
random complete matchings A, equivalently on random permutations Iy or
IT);. Notice that we denote random variables (random matchings or random
permutations) by uppercase letters. It will be convenient to work with distri-
butions on Sy, denoted as p = (p(7) : ™ € S,,) where the numbers p(m) are
nonnegative, and their sum is one. If A is a random matching, we denote by
pw (resp. par) the distribution of Iy (resp. IIps) on Sy,.

A probability distribution p on S, can be specified in two ways: implicitly
or explicitly. The implicit description is given by a set of relations, which the
probabilities p(m) must satisfy. The explicit description, on the other hand,
is given by a parametric form for the probabilities. To make things clear, we
illustrate this by a small example.

ExaMpPLE 1. Let n =4. We are looking for distributions on complete
matchings such that the following holds. Given that the first two men marry
the first two women, the wife of the first man is independent of the wife
of the third man. In other words, we require that Il (1) and Iy (3) be
conditionally independent, given that {IIy (1),IIw(2)} = {1,2}. Denoting
the distribution of Iy by pys, this is easily seen to be equivalent to the
relation

(2) pw (1234)pw (2143) = pw (1243)pw (2134).

Acta Mathematica Hungarica 122, 2009



CONDITIONAL INDEPENDENCE RELATIONS 133

Alternatively, we can postulate the existence of nonnegative parameters 6;,
1 <4 <4, such that

(3)
pw (1234) = 6103, pw (1243) = 6104, pw (2134) = 6205, pw (2143) = 0204,

while for the probabilities of the other 20 permutations in Sy, we make no
restrictions. These two characterizations (2) and (3) are easily seen to be
equivalent.

We will give equivalent implicit and explicit characterizations of fami-
lies of distributions, as in Example 1. The implicit descriptions will consist
of conditional independence statements. Similar conditional independence
statements were studied previously in the context of random orderings of n
objects (according to preference). More specifically, the property called L-
decomposability of the distribution of a random ordering is equivalent to a
collection of conditional independence statements. This property, introduced
in [1], is well-known in the literature of mathematical psychology. The distri-
bution of a random ordering IT = (II(1),...,II(n)) is called L-decomposable,
if for all k£ and C C [n] with |C| = k, conditional on the event

{1(1),....1I(k)} =C,

the random orderings (II(1),...,1I(k)) and (II(k+1),...,1I(n)) are inde-
pendent.

However, in the case of random matchings, the random orderings Iy
and Iy, = H;Vl have symmetric role. Therefore we wish to identify random
matchings A, where py and pys are both L-decomposable: in this case we say
that A, Iy, Iy (or their distributions) are bi-decomposable. We will prove
that a strictly positive distribution py (or pas) is bi-decomposable if and
only if pw(mw) (or par(mar)) factorizes into factors, each of which depends
on “local” properties of the corresponding matching §. The following example
illustrates what we mean.

EXAMPLE 2. Let § be a complete matching in G, and for an edge e € 6 let
T'(e,d) denote the number of edges in § which cross the edge e. We remind
the reader that this definition makes sense, since we fixed how the graph is
drawn in the plane. Formally, if e = (me, w.) (where me, we € [n]), then

T(e,6) = |{f €d: (my <meand wy > we) or (myg > me and wy <we)}’.

A parametric family of probability distributions on matchings can be defined
by the formula

P(A =6) = P(Tly = mw) = pw(rw) = [ [ 6c(T (e, 9)),
e€d
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134 V. CSISZAR

where 6.(t) are arbitrary parameters for e € [n] x [n], and 0 £ ¢ <n — 1. The
statistic T'(e, d) can be called “local”; since it is determined by what e “sees”
of the matching.

REMARK 1. Our research is analogous, though much less general, to the
theory of graphical models for contingency tables. An important result in
that theory is the Hammersley—Clifford theorem, which we describe briefly.
Let G be a graph with n vertices labelled 1,...,n. Denote the set of cliques
(maximal complete subgraphs) of G by C, and for a vector x = (z1,...,Zy,)
and A C [n],let x4 = (z;: i€ A). Let X = (X1,...,X,) be an n-dimensional
random variable taking values in a finite set I = I1 X --- X I,,. We say that a
probability distribution p on I factorizes according to the cliques of G if

(4) p() = P(X =) = [] beolac) Vrel,
ceC

where ¢ are suitable parameters. If we suppose in addition that p is strictly
positive, (4) becomes an exponential family, or more specifically, a log-linear
model, called the graphical model with graph G. The Hammersley—Clifford
theorem states that (4) holds for a strictly positive p, if and only if p satisfies
the global Markov property with respect to G: for any disjoint subsets A, B, S
C [n], X4 and X p are conditionally independent, given Xg, if S separates A
and B in the graph G. For more details, see e.g. [3]. Recent related research
has been done in the context of toric statistical models [2, 5, 6].

The results obtained in this paper are mainly theoretic. However, we be-
lieve that these or similar models can successfully be applied to real datasets
in the future. The paper is organised as follows. In Section 2, we review L-
decomposability of distributions on S,,. Section 3 contains the main results.
Section 3.1 introduces log-linear models for distributions on S, in general,
in analogy with log-linear models in the case of contingency tables. In Sec-
tion 3.2 we show that strictly positive bi-decomposable distributions on S,
form a log-linear model, and calculate the number of free parameters of the
model. Section 4 treats some issues of estimation, while Section 5 contains
the proofs of some lemmas.

2. L-decomposability

For integers ¢ < j, {i...j} will denote the set {k: i <k < j}. For any
vector v = (v(1),...,v(s)), we call v(i) the ith element of v. For the set of

the 7th to jth elements, and for the subvector of the ith to jth elements of
v, introduce the notations

ofi... g} ={v@@),....,v(H)}, v(GE...5) = (v(@),...,v(j)), 1Si<j<s.
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CONDITIONAL INDEPENDENCE RELATIONS 135

If j < then let v{i...j} be the empty set. Let S, stand for the symmet-
ric group of all permutations 7 of [n] = {1...n}. We denote a probability
distribution on S, by p = {p(w) CTE Sn}. Denote by IT: Q@ — S, a ran-
dom permutation on a probability space (€2, .A, P) with distribution p, that
is P(Il = 7) = p(m).

The idea of L-decomposability first appears in [1], motivated by Luce’s
ranking postulate [4]. A random permutation II is L-decomposable, if for any
k, the value of II(k + 1) depends on II(1... k) only through II{1...k}. Recall
that the probability of a permutation can always be written in the product
form

n—1
5) PM=m)=][P(M(k+1)=nk+1)|T1...k)==(1...k)).
k=0

L-decomposability means that the conditions II(1...k) =n(1...k) can be
replaced by the conditions II{1...k} = 7{1...k} in (5). We formulate this
in the following definition, in two different forms. For two permutations 7, o
€ Sy, mo is their product in the group Sy, i.e. (70)(i) = 7(o(4)).
DEFINITION 1. Let II be a random permutation with probability distri-
bution p on S,. p (or sometimes II) is called L-decomposable, if either of the

two equivalent conditions holds:
(i) For every 2< k <n —2,

(6) P(I(k+1)=n(k+1)|[I(1...k) =n(1...k))
=P(I(k+1)=n(k+1) |[II(1...k) = (7o)(1...k)),

for all m € S, and o € Si such that both conditional probabilities are defined.
(ii) For every 2 < k < n — 2,

(7) P(I(k+1)=n(k+1)|I(1...k) =n(1...k))
=P(I(k+1)=n(k+1) [I{Ll...k} =x{l...k}),

for all m € S,, such that the left hand side is defined.

We could formally include £ = 0,1,7 — 1 in the definition as well, but
equations (6) and (7) are always satisfied for these k-values. It follows that
for n < 3, all distributions on S,, are L-decomposable.

The equivalence of the two formulations of Definition 1 is easily verified.
The next proposition gives the implicit and the parametric (explicit) char-
acterization of L-decomposability. Before we can formulate it, we introduce
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136 V. CSISZAR

some more notation. A partition of the set [n] into s disjoint subsets (also
called atoms) is given by

(8) Z:(Zl,...,ZS): UleZi:[n], ZiﬂZj:@ Vi # j.

If none of the sets Z; is empty, we call s the size of the partition. For an
atom Z;, the ordered, resp. unordered, restriction of w € S, to Z; is

(9) m(Z) = (n(j):j € Zi), m{Zi}={n(j): j € Z}.
For the partition Z, the coarsening of w € S, to Z is
(10) ‘W(Z)’ = (m{Z}:i=1,...,s).

We will return to the idea behind this notation later. For example, suppose
that ¢ is a complete matching in G, and my is the ordering on the women
given by (1). In the graph G5 = (M,W,0), substitute each set of vertices
Z; C M by one vertex ¢*, such that ¢* inherits all edges adjacent to the old
vertices m € Z;. Then ¢* will be connected exactly with the vertices my{Z;}
C W. Thus |mw (Z)| describes the adjacencies in the new graph.

Z in (8) is called a consecutive partition, if the atoms are all intervals,
ie. Z; ={a;...b;} for some a; < b;.

PROPOSITION 1. The distribution p of a random permutation 11 is L-
decomposable if and only if, for every consecutive partition Z as in (8),
the ordered restrictions I1(Z;), 1 < i < s are conditionally independent, given

|H(Z)’. Equivalently, p is L-decomposable if and only if there exist a con-
stant ¢, and a nonnegative function 0 defined on pairs

(11) (2.0): C Cln), 2 ¢ C.
such that for all m € S,

n—1

(12) p(r)=c[]O0(n(k+1),x{1...k}).

k=0

We leave the proof of the proposition to the reader, as the main ideas,
as well as being standard, can be found in [1]. If (12) holds, the pair (6, c)
is called an L-decomposition of the distribution p. By (5) and (7), one L-
decomposition of the L-decomposable distribution p is given by ¢ =1 and

(13) 0(x,C) = P(I(|C| +1) =z |II{1...|C|} =C),
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CONDITIONAL INDEPENDENCE RELATIONS 137

if the probability of the condition is positive, otherwise 6(x,C) =0. For
strictly positive distributions p, the decomposition (13) is unique in the sense
that it is the only decomposition satisfying ¢ =1 and 3,4 6(z,C) =1 for
all C'. Therefore, for strictly positive L-decomposable distributions, the num-
ber of free parameters 0(x, C') is given by

An:§<2)(nk1):2n(n/21)+1.

k=0

Proposition 1 thus gives the equivalent implicit and explicit characteri-
zation of L-decomposable distributions on Sy,. Notice that the equivalence is
true not only for strictly positive distributions, but for any distribution on
Sp. This is essentially because the family defined by (12) is closed (under
pointwise convergence of probability distributions).

The main aim of the present paper is to characterize random matchings
A, for which the distribution of both II; and Iy is L-decomposable. We
will call the distribution of such a random matching bi-decomposable. This
concept can naturally be defined for distributions on S,, as well.

DEFINITION 2. The distribution of a random matching A is called bi-
decomposable, if the distributions of Ilyy and IIps in (1) are both L-decom-
posable. The distribution of a random permutation II is bi-decomposable, if
it is L-decomposable, and the distribution of II™! is also L-decomposable.

Thus the distribution of A is bi-decomposable if and only if the distribu-
tion of Iy (equivalently ITps) is bi-decomposable.

Let M and W be two partitions of [n] of sizes d and r respectively. Their
product is a partition of [n] x [n] of size dr:

(14) MXW:(Mz‘XWj:léiéd,léjéT),

where M; x W; = { (m,w) : m € M;, w € W;}. The restriction of a matching
0 to an atom of a product partition M x W is defined as

§(M; x Wj) = ((m,w) €8 : m e M;,w € W,).

This is just the subgraph of Gs = (M,W,¢) induced on the vertex set
(M;, Wy).

Since the L-decomposability of both IIy, and 11 can be characterized by
conditional independence statements (Proposition 1), this immediately yields
the implicit characterization of the bi-decomposability of A by conditional
independence statements. However, the next proposition, which we prove in
Section 5, is stronger.
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138 V. CSISZAR

PROPOSITION 2. The distribution of the random matching A is bi-
decomposable if and only if for all pairs of consecutive partitions M and W
of [n] of sizes d and r respectively, the restrictions A(M; x W) for1 <i<d
and 1 < j < r are conditionally independent, given ‘HW(M)} and ‘HM(W)} )

The statement of Proposition 2 is immediate from Proposition 1 only if
M or W is the trivial partition Z = ([n]). An explicit (parametric) charac-
terization of bi-decomposable random matchings is harder. In this paper, we
will provide this characterization only for strictly positive distributions. The
study of distributions where the probability of some matchings is allowed to
be zero will be carried out in a subsequent paper.

3. Main results

In the rest of the paper, we focus our attention on strictly positive dis-
tributions, i.e. the case when all possible complete matchings have positive
probability:

P(A:(S):P(HW:TFw):P(HM:T(M)>0

for all 0, mw, mpr. Suppose the random permutation II has distribution p
on Sy, then denote the distribution of I by p~!:

p_l(ﬂ-) = p(ﬂ-_l)7 T € Sp.
Introduce the families of distributions on S,

L ={p: pis strictly positive and L-decomposable},
L7 ={p: p~!is strictly positive and L-decomposable}.

We do not indicate the dependence on n, since n is always fixed, though ar-
bitrary (nontrivial results are obtained for n = 4). We want to characterize

random matchings for which py, pys € £, equivalently pyy € LN L™ (remem-

ber that py is the distribution of Il ), or equivalently py; € £N L1, The
family

(15) B=nc!

consists of all strictly positive bi-decomposable distributions on S,,. For a
while, we leave matchings, and concentrate on the family B of distributions
on Sy,.

We will show that p € £ if and only if logp € F, where the logarithm
is taken coordinate-wise, and F is a linear subspace of R™. The same is
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true for £~ with another subspace F~!. Therefore we need to characterize
the subspace H = F N F~1. In the following sections, we will determine the
dimensions (and some bases) of these three linear subspaces.

We will use orthogonality; here are the basic definitions and lemmas. Two
subspaces U and V of a Hilbert space are called orthogonal, if every pair of
vectors u € U, v € V are orthogonal. The closed subspaces U and V inter-
sect each other orthogonally, if the (orthogonal) projection of U on V equals
U NV, or equivalently, the projection of V on U equals U N'V. Denote the
operator of orthogonal projection on U by Pry. Another equivalent condi-
tion for orthogonal intersection is that the projection operators Pryy and Pry
commute. Thus introducing the notation L for orthogonal intersection,

Ul V <= PryV=UNV < PryU=0UNV
<= PryPry =Pry Pry.

We write U = Uy @ Uz for orthogonal decomposition, that is when U =
Span (U1, Us) and U; and Uy are orthogonal. Span (Uy, Us) denotes the sub-
space spanned by U; and Us.

LEMMA 1. Suppose that U = Span (U; : i € I), V = Span (V; : j € J) are
two subspaces, and U; L~ V; for every pair i, j. Then U LAV, and UNV
=Span(U;NV;:iel,jeld).

LEMMA 2. Let U =U; ® U and V =V & V5 be two subspaces with or-
thogonal decompositions. If U LAV, Uy LA Vi, U LA Vi, and Uy LV hold,
then Us LA Vo is also true, and

UNV=(UrnWV)eU1NV) e UanVi) e (UaNVa).

The proofs of these lemmas are postponed to Section 5.

3.1. Log-linear models. In this section, we define and study log-linear
models for distributions on S,, whose generators are product partitions of
[n] x [n] as in (14). The terms “log-linear model” and “generator” are bor-
rowed from the theory of contingency tables. Let X = (Xi,...,X,) be an
n-dimensional random variable as in Remark 1. Let A be a set of subsets A
C [n]. The log-linear model with generators A € A consists of those (strictly
positive) distributions p for which

p(z) = P(X =) = exp [Z GA(xA)] Vo e I,
AcA

for suitable parameters 4. The model is called graphical, if there is a graph
G such that A is the set of cliques of G.
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Let D (resp. R) be a partition of [n] of size d (resp. r), the coarsening of
the permutation 7 to the product partition D X R is the d x r matrix

(16) ‘W(DXR)‘Z(ZL@'), tij:’{léséTLZSGDi, TI'(S)GR]'}’.

We changed the letters M and W to D and R, because we now think of
7 as a function [n] — [n], and D is a partition of the domain, while R is a
partition of the range of m. Notice the slight abuse of notation: |7(Z)] is
given by (10) if Z is a partition of [n], while it is given by (16) if Z =D xR
is a product partition of [n] X [n].

Let us just remark that if § is a complete matching, and M and W are
two partitions of [n], then |my (M x W)| describes the multigraph obtained
from G5 = (M, W, ) by substituting each set of vertices M; C M by one ver-
tex ¢*, and substituting each set of vertices W; C W by one vertex j*, such
that the new vertices inherit the edges of the old vertices. Then ¢;; is just
the number of edges between ¢* and j* in the new graph.

A product partition P =D x R of [n] x [n] defines a linear subspace
Up C R™. Here R™ is a Euclidean space, its elements are vectors v = (v(r) :

TE Sn). Then
(17) Up={ve R™: |7(P)| = |o(P)| = v(n) = (o)},

i.e. v € Up if there exists a function 6 on d X r integer matrices such that
v(mr) = 0(‘71(73)} ).

We will define a log-linear model by a set of product partitions, called
the generators of the model.

DEFINITION 3. Let P4,. .., Ps be product partitions of [n] x [n]. A (strict-
ly positive) distribution p on S,, belongs to the log-linear model with genera-
tors Pi,...,Ps, denoted as p € L(Py,...,Ps), if

logp(m) = 291(}77(771)‘) Ve sS,,
i=1

where the functions ; are arbitrary parameters, or, equivalently,
logp € Span (U, ..., Us),

where we used the simplifying notation Up, = U;, see (17).

In the rest of this section, we give a sufficient condition, when the in-
tersection of two log-linear models is itself a log-linear model, with directly
identifyable generators. The proofs can be found in Section 5. The first
lemma, describes the relationship between conditional independence and or-
thogonal intersection.
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LEMMA 3. Let (Q, A, P) be a probability space, and denote by Lo(A) the
Hilbert space of square-integrable random wvariables on it. For a o-algebra
S C A, denote by Lo(S) the closed linear subspace of La(A) consisting of all
S-measurable random variables. Let Sy, So C A. Then La(S1) Ln L2(S2) if
and only if S1 and So are conditionally independent, given S1 N So.

There is a partial ordering on the partitions of an arbitrary set. The
partition Z = (Z1,...,Z) is finer than 2’ = (Z],...,7Z}) (or 2’ is coarser
than Z) if for every i there exists a j such that Z; C Z}. Write Z = 2" if Z
is finer that Z’. If P and P’ are product partitions of [n] X [n], then P = P’
clearly implies Up D Ups. By the application of Lemma 3, we get

LEMMA 4. Let D' = D and R' = R be partitions of [n]. Then we have
(18) Upxr: Ln Up'xr and Upyrr NUpxr = Upxr.

As a direct corollary of Lemma 4 and Lemma, 1, we obtain the main result
of this section.

THEOREM 1. Let L(D; xR :i=1,...,s) and LDXxR;j: j=1,...,1)
be two log-linear models, and suppose that D > D; and R = R; for all 1 i
<s,1 < j <t. Then the intersection of the two models is the log-linear model
L(D; XRj: i=1,...,8,7=1,...,1).

3.2. Decomposability as a log-linear model. In this section we prove
as our main result that the family B of strictly positive bi-decomposable dis-
tributions on Sy, is a log-linear model in the sense of Definition 3, with the
number of free parameters equal to Z?;ll i?. We also identify the generators
of this log-linear model.

First we need to define some special consecutive partitions of [n]. We

define the kth bold section
(19) Spe=({1...k=1}{k},{k+1...n}), 2<k<n-1

We will extend the notation X to kK =1 and k = n for the sake of conve-
nience. The (consecutive) partition which partitions [n] into n sets is called
the full partition:

(20) = ({1}, {2}..... {n}).

From the multiplicative form (12), it is straightforward that the family £
is the log-linear model

L=LEyxP:1ZFkZn).

That is, the generators are the products of bold sections with the full par-
tition. The reason is that the 0 —1 matrix ‘W(Ek X <I>)‘ is equivalent to
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the coarsening of m to Xy, i.e. ’W(Zk)’ defined in (10), which also ex-
plains the notation introduced there. And ’W(Ek)‘ is equivalent to the pair

(r{l...k—1},7(k)).
The model £7! can be described similarly as £, only the domain and the
range change roles when we consider 7! instead of m. Thus

LTM=L@®x%:1ZEkZ0).
Define the (k, £)th bold cross-section as
(21) AM = Zk X Zg,

where the component (domain and range) partitions are bold sections defined
in (19). Now we are ready to state

THEOREM 2. The family B of strictly positive bi-decomposable distribu-
tions is a log-linear model with generators Ayy, i.e.

(22) B=L(Ak:1=Z k0SS n).
Moreover, the number of free parameters in the model is

n—1

(23) B =Y i

=1

The first statement in Theorem 2 is a direct corollary of Theorem 1. It
remains to calculate the number of free parameters.

A submodel of £ which we will use has coarser partitions as generators.
Define the kth thin section as

(24) Se=({1...k}{k+1...n}), 1Sk<n—1.

Notice that X1 = il and X, = in,l. We extend the notation ik tok=n
for the sake of convenience. The log-linear model

(25) L

L(Zx®:15k<n—1)

is a subfamily of L.

Recall from (17) the definition of the subspace corresponding to a product
partition, and for the sake of brevity introduce the notations
7

Usixe = Vi, Us g
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From the partial ordering of partitions, we get that ‘N/k C Vj; denote the or-

thogonal complement of Vi, in Vi by Fy. By the same argument, Vi, C Vi1
also holds. This yields that

Span(Vk: 1§k§n) :Span(Fk: lgkgn,Vn).

Since ¥, = %1, we get Fy = {0}. In addition, as %, is the trivial partition,
V;, = Span (1), where 1 € R™ is the vector whose every coordinate is 1. Thus
the subspace belonging to the L-decomposable log-linear model L is

(26) F:=Span (Vi : 1< k<n)=Span(F,:2<k=n,1).

In the next lemma, we show that the subspaces on the right hand side of (26)
give an orthogonal decomposition of F'. The proof is found in Section 5.

LEMMA 5. The subspaces Fy, (2 < k < n) are orthogonal to each other
and to the vector 1.

Thus we can calculate again the number of free parameters in £, which
is the dimension of F' minus one:

Ap =dim (F) — 1= dim (Fy) =) (Z) (k—1)=2"(n/2-1)+1,
k=2 k=2

where the dimension of Fj, is easy to calculate.
The decomposition (26) simplifies the calculations regarding the dimen-

sion of the bi-decomposable model B as well. Define the subspaces V[l, ‘7[1,

F[l, F~1 belonging to the model £~! just as V4, 17;.3, Fy, F were defined for
L, only interchange the role of domain and range in every partition. Using
the notation introduced in (17),

Upxs, = Vé_17 U‘I)Xig = ‘7[1'
Applying Lemma, 5, the subspace corresponding to £ is
(27) F~' = o} ,F, ! @ Span(1).
By Lemma 4, for any pair

Ve{ViVe:25k<n}, V79ie{V V250 0},

V 1A VL since these subspaces correspond to product partitions, where in
the V-partitions, the range-partition is as fine as possible, and in the V=1
partitions, the domain-partition is as fine as possible. By Lemma 2, we get
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Fi 1n F[l for all k,¢. By Lemma 1, the space H = ' F~! corresponding
to bi-decomposable distributions has the orthogonal decomposition

(28) H = @g<pp<n (Fir 0 Fhel

It remains to find the dimension and a basis of Fj N F[l. For the time
being, fix k and ¢. By Lemma 4, the subspace corresponding to the (k,¢)th
bold cross-section Ayy is just Vi N V[l. Observe that Fji N F[l consists of
exactly those vectors of the space Vi N V[l which are orthogonal to both Vk
and 17[1. Recall that the wth coordinate of a vector in Vi N V[l depends
only on its coarsening | m(Ag)| defined by (16).

Obviously, the nine elements of the matrix |7(Ag)| = (ti;) must satisfy
row-sum and column-sum constraints: the row sums have to be kK —1, 1,
n — k, the column sums ¢ — 1, 1, n — ¢. Therefore the matrix is determined
by its coordinates for ¢,j = 1,2. In fact, it is possible to specify the coarsening
|7T(Akg)‘ by just two coordinates, which we will now introduce for notational
convenience. Let

(29) aM () = t11 + tig + to1 + taa,
and define ¢**(7) by

) | i<z 4

(0te) G
N SR B
()

Since the wth coordinate of a vector in Vi N V[l depends only on its

(tw 1<5 ]<2 q

coarsening ‘W(AM){ , a basis of Vi N V[l is given by the indicator vectors of

all the possible values of this coarsening. Therefore, for each a, q, we define
this indicator vector

(31) paq X{a =a, q = Q}

Of course, for many pairs a, g, these are zero vectors. For example, pﬁg is a
nonzero vector only if

max (0,k + ¢ —n) < a < min (k, ¢).

g can usually be anything from 1 to 5, except when a = 0,1,k,¢. After all
this preparation, we are ready for the proof of Theorem 2.
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Proor OF THEOREM 2. We have to show (23). The number of free
parameters of the bi-decomposable log-linear model is dim (H) — 1, since only
those vectors v in H are allowed for which p = eV is a probability distribution.
By (28), we only need to determine the dimension of each subspace Fj, N F, [1,

which consists of the vectors of Vi N V[l which are orthogonal to both Vk
and 17[1

Letu=>)_, € caqpaq be an arbitrary vector in Vi NV~ ! we find when it
is orthogonal to V;, and Ve . First take a vector v(m) = x(7m{1...k} = C)

in the basis of V4, and introduce the notation | C N {1...¢} |= a. With h =
(k — 1)l(n — k)!, the scalar product is calculated as

() ca1(k —a)h + ca2(a — 1)h + cg5h if L€ C
U, V) =
ca3ah + cqa(k — a)h if £&C.

Similarly, if v(m) = x (7~ *{1...£} = D) is a basis vector of 17[1, | DN
{1...k}|=a,and g = (£ —1)!(n —¥¢)!, then

(. 0) Ca3(0 —a)g+ ca2(a—1)g+cq59 if k€D
u,v) =
Ca1ag + Ccaa(f —a)g if k& D.

Thus Fp NF, [1 consists of the linear combinations of those vectors
22:1 caqp’;fl for which the above four linear combinations of the coefficients
Cqq are zero. Of the four constraints on the coefficients, only three are linearly
independent, so in most cases there are two linearly independent solutions
for the five coefficients. The cases a = 0,1, min (k,¢) must be treated sepa-
rately, it is readily seen that in the case a = 0, the only solution is zero, while
in the cases a = 1, min (k, £) there is one non-zero solution. Let N** denote
the number of linearly independent solutions, that is N** is either zero, one
or two. The following vectors form an orthogonal basis of Fj, N F, [1 (with the
exception that some vectors may be 0):

(32) phl = —pks + (a — 1)pl%,

pks = —(€ — a)apti + (k — a) (¢ — a)pk — (k — a)apls
+a’pli + (k—a)(t — a)plt

Finally, since

> dim (FenFy Y =Y [{(k,0) : dim (F,nF; ') 2 i},
k. i1
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to finish the proof of the theorem, it suffices to show that for 1 £ i < n
[{(k,0) : dim (F N F, ) 2 i} | = (n —i)*.

To this end, let us find those k, ¢, for which dim (Fy, N F; ) = 25 + 2. This
happens if among the quantities N*¢ there are either two 1’s and at least j
2’s, or one 1 and at least (j + 1) 2s.

The first of these cases occurs when ¢ 4+ k < n+1 and min {k, ¢} 2 j + 2,
while the second case occurs when £ + k 2 n + 2 and max {k,¢} Sn—j— 1.
Butif {+%k<n+1andk,£2j+2, then k,/ <n—j—1 also holds. Simi-
larly, if £+ k 2n+ 2 and k, ¢ < n—j—1, then at the same time k,¢ = j+ 3
> j + 2. Therefore, dim (Fj N F[l) 2> 25 + 2 holds if and only if j +2 < k, £
<n—j—1, and there are [n — (2j + 2)] ? such pairs.

Let us find those k, ¢, for which dim (Fj N F[l) =2 24 + 1. This happens
if among the quantities N* there are either two 1’s and at least j 2s, or one
1 and at least 7 2’s.

The first of these cases occurs when £ + k < n+ 1 and min {k, ¢} = j + 2,
while the second case occurs when ¢ + k 2 n + 2 and max {k,¢} <n — j. But
ifl+k<n+landk,l =742 thenk ¢ <n—j—1<n— jalsoholds. Sim-
ilarly, if £+ k =2n+2 and k,/ < n — j, then at the same time k,¢ = j + 2.
Therefore, dim (F, N F; ') = 2j + 1 holds if and only if j +2 < k, 0 < n — 5,
and there are [n — (2j 4+ 1)] ? such pairs. [

REMARK 2. In (32), we found an orthogonal basis {1, 1*¢} of the space H.
This orthogonality is convenient for finding the parameters corresponding to
a bi-decomposable distribution. There exists a basis consisting of indicator

vectors as well, as follows. For any k, £, a, let v* = 22:1 p’cfg, where pla‘:g was
defined in (31). That is, v¥(7) = 1if |7{1...k} N{1...£}| = a, otherwise

vF(7) = 0. We claim that the following vectors, together with 1, form a basis
of H:

1/54: 1Sk l<n—-1, max(0,k+¢—n)<a < min(k,{),
Pl 1<k 0<n—1, max(l,k+¢—n)<a< min(k,¥0).

This statement can be proved by induction; we omit the somewhat lengthy
calculations.

Let us apply our results to matchings. Notice that it was relatively easy
to show that B is a log-linear model, and to find its generators. To deter-
mine the number of free parameters was more difficult. In the language of
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matchings, we found that a strictly positive distribution on matchings is bi-
decomposable if and only if there exist parameters 6x(t) such that

PA=¢8)= ][] Ol|7w(dio)]).
(k,0)€ln]x[n]

The point we wish to make is that the statistics |mw (Age)| = (ti;) can be
calculated “locally” from the matching: one needs to determine (i) whether
the edge (k,mw(k)) runs above, below, or on the edge (k, /), (ii) whether
the edge (mas(£),¢) runs above, below, or on the edge (k, /), and (iii) the
number of edges in ¢ which cross the edge (k,¢). To explain (iii), notice
that the number of edges in & which cross the edge (k,?) is ti3 + t31, and
t11 can be calculated from this sum, with the additional knowledge of the
matrix entries ty2, to1, tog, ta3, t32. This shows that the distributions in the
parametric family defined in Example 2 are bi-decomposable.

4. Estimation

In this section, we address two statistical issues briefly. The first is max-
imum likelihood estimation in the model B. Secondly, we consider the case
when we do not know the linear orders of men and women, i.e. these two
orders are also unknown parameters.

Denote by d1,...,05 an iid sample of complete matchings taken from
a positive bi-decomposable distribution py. The maximum likelihood esti-
mate of the true distribution py does not appear to have an explicit form in
general, the likelihood function has to be maximized by numerical methods.
A natural option is iterative proportional fitting (IPFP), which is generally
used for maximum likelihood estimation of log-linear models in the setting
of contingency tables. This algorithm is guaranteed to converge to the max-
imum likelihood estimate, if it exists. Denote the empirical distribution of
Iy by rw. The maximum likelihood estimate of py is a distribution py;,

€ B such that the distributions of the coarsenings ‘HW(AM)} under pj, are
the same as under the empirical distribution ry for all pairs k,£. There is
at most one such py; € B. In some cases, the maximum likelihood estimate
does not exist, because no distribution in B gives the same distribution of
the coarsenings as the empirical distribution (we say that the sample con-
tains structural zeros). In these cases, a suitable pj;, can only be found in
the closure cl (B).

The IPFP algorithm proceeds by cyclically fitting the distributions of the
individual coarsenings ‘HW(AM)‘ to that observed in the sample. Starting

from an arbitrary pjj, € B (say the uniform distribution), the tth iteration
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step calculates

it = S beollrnao W)
W o )
ZO‘: ‘U(AW«”:'W(AM” p%,v(a)

where the pair (k,¢) runs cyclically over all possible values.

In contrast, in the L-decomposable family, the maximum likelihood esti-
mate can be given explicitly. This family is parametrized by the conditional
probabilities (13), and the maximum likelihood estimate of these conditional
probabilities is given by the corresponding conditional probabilities under the
empirical distribution.

Turning to the issue of the unknown linear ordering of the two sets M and
W, we may treat these orders as unknown discrete parameters. Suppose the
men and women are labeled arbitrarily, and we have an iid sample §1,...,0n
of complete matchings, which is assumed to come from a bi-decomposable
distribution under some relabelings oas, ow (reflecting the true order) of the
men and women. Let us work once again with Iy and py . If we relabel
the elements of W according to a permutation oy, and the elements of M
according to a permutation oz, then we get the new random permutation
I}, = owIlwoy,, and the new distribution pjy, (7) = pw (o} moa). Then
one proceeds by taking all (n!)2 possible relabelings o, oW, and calculating
the maximum likelihood

N

Liax(onm, ow) = max L(g,om,0w) = rgeagil_[l q(oy mvonr)
using IPFP, where Tr%/V is obtained from the ith element of the sample, &;.
Then one chooses the pair (o7, ow) for which Lyax(oar, ow) is the largest.
We show that this pair is never unique, in general there are 8 -8 pairs of
relabelings which yield the same maximum likelihood Lyax(oar, ow). In par-
ticular, we show that if A is a bi-decomposable random matching, then it
remains bi-decomposable if we interchange the labels of the first two men (or
women), or if we reverse the whole labeling of the men (or women), but there
is no other permutation of the labels (except for compositions of the above
mentioned two), which preserves bi-decomposability in general.
For a distribution p on S, and a o € S, let

Poo(T) = p(m0),  poo(m) = plo).
Denote by o(12) the permutation which exchanges 1 and 2 only, and by o,

the reversing permutation which maps k£ to n+ 1 — k. Denote the group
generated by these permutations as

g = {idv Or, 0(12)y 0r0(12), 0r0(12)0r; 0(12)0r, 0r0(12)07r0(12), 0(12)<7r0(12)}-

Then we have the following theorem.
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THEOREM 3. Suppose p is L-decomposable. Then pso is L-decomposable
for all o € S, and poy 1s L-decomposable for oll 0 € G. However, for any
o & G, there exists a p € B such that poy is not L-decomposable.

PROOF. The first two invariances can be checked directly from the defi-
nitions. To prove the last statement, we will use the following property: let
p be L-decomposable. Suppose that the probability of 717 and w9 is pos-
itive, and a is such that m11{1...a} = m2{1...a}. Define the “crossover”
permutations:

mi(k) if k<a (k) if k< a
m2(k) = . , (k)= . :
mo(k) if k>a mi(k) if k>a

Then

(33) p(m11)p(ma2) = p(m12)p(ma1).
If 0 is not a member of the permutations in G, then neither is its inverse,
and there exists an 2 < a < n — 2, such that

o H1...a} #{1...a},{n—a+1...n}.

Let a be such a number. Therefore there exist c,e € {1...a} and d, f
Z {1...a}, for which

c=ce)>o N d)=d*, e =0c"e) <o (f)=f"
For the numbers «, 3,7 we say that « separates § and v if 6 < a <~ or
B> a>~. Now, if d* = f*, then d* (and f* as well) separates ¢* and e*. If

d* < f*, then either one of them separates ¢* and e*, or ¢* (and e* as well)
separates d* and f*. Therefore, one of the following two cases holds:

1. de,ee{l...a}, d¢{l...a}: d" separates c*, e*

2. dee{l...a}, d,f&{l...a}: c" separates d*, f*

The two cases can be treated in the same way. Let us deal with the first
one. Let f € {1...a}, f # d be arbitrary, with f* = c~!(f). Recall (31), and
let p= K(d*)exp{p%¢ }, this is a positive bi-decomposable distribution.
Let m1 = 0*1, from which we obtain 7 by exchanging two pairs:

7T22(C) = 6*, 71'22(6) = C*, 7T22(d) = f*, 7T22(f) = d*
Denote by w12 and ma; the crossover permutations. For these four permuta-
tions, pos does not satisfy (33). On the one hand, multiplying m1; by o from
the right, we get the identity permutation, for which pgig* = 1. On the other
hand, for both w20 and mo;0, pgig* = 0, since for the first, d* is not a fixed

point, and for the second, there is an element greater than d* among the first
d* elements. This completes the proof. O

Thus we have shown that the bi-decomposability of Ily implies the bi-
decomposability of IIj;, = oIl p~! if and only if o, p € G.
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5. Proofs

PROOF OF PROPOSITION 2. If the stated conditional independences hold,
the random matching A is clearly bi-decomposable. For the other direc-
tion, suppose A is bi-decomposable. By L-decomposability of Ilyy, given
|TIy (M)], the ordered restrictions Iy, (M;) are conditionally independent.
Conditioning on |IIy;(W)| as well does not ruin this independence, since the
additional condition restricts the values of the Ily (M;) one by one. Thus
we proved that Iy (M;) are conditionally independent, given ‘HW(M)’ and

|H]V[(W)‘. Using the L-decomposability of Iljs, the same conditional in-
dependence is true for the IIps(W;). Let A be an atom in the o-algebra
generated by (| (M)
0 be a matching. Then

H]V[(W)‘ ), whose probability is positive, and let

)

d
P(A=6|A) =] P(Tw(M;) = mw (M) | A),

=1

and since

My (M;) = (A(M; x W) : 1S5 <),
where A(M; x W;) is a function of IT (W), also

P(Iw (M) = 7w (M;) | A) = [[ P(ADG x W) = 8(M; x W) | A),
j=1

which proves the lemma. O

PROOF OF LEMMA 3. Since Lo(D; NDa) = Lo(D1) N La(D2), the spaces
Lo(D1) and Lo(D3) intersect orthogonally if and only if for any f € La(Dy),
g E LQ(DQ)v

E([f-E(f|DinDy)|[g— E(g| D1NDa)]) = 0.

If the conditional independence relation holds, then the following stronger
equality holds:

E([f—E(f|DinDy)] [g—E(g | D1NDy)] | DyNDy) =0.

In the other direction, if the spaces intersect orthogonally, then let
Ay € Dy, Ay € Dy, and denote by C the event that

P(A1ﬁA2|'D1m'D2)—P(A1 |'D1ﬂ'D2)P(A2"D1ﬁD2)>0.

Acta Mathematica Hungarica 122, 2009



CONDITIONAL INDEPENDENCE RELATIONS 151
With f = x(A1)x(C) and g = x(A42)x(C),
E([f—E(f | DinDy)] [g— E(g | D1NDy)])
= E(E(fg| D1ND2) — E(f | D1ND2)E(g | D1 N D7)
— E(x(C)[P(A1N A3 | Dy N D) — P(A; | Dy N Dy)P(As | Dy N D2)] ) = 0.

This is possible only if P(A; N Ay | D1 NDy) — P(A1 | D1 NDy)P(Az | D1 N
D5) < 0 with probability 1. The reverse inequality is obtained similarly, thus
Aj and As are conditionally independent, given D1 N Dy. [

PROOF OF LEMMA 4. We apply Lemma 3 to .S,, endowed with the uniform
distribution. In this case, orthogonal intersection in the Lo-space is equiva-
lent to orthogonal intersection in R™. The second statement in (18) holds,
because it is easy to check that o(D' x R)No(D x R') =o(D x R). Con-
cerning the first one, we have to prove that |II(D’ x R)| and |II(D x R')| are
conditionally independent, given ‘H(D X R)‘ if T is a uniformly distributed
random permutation, which is again easy to check. U

PROOF OF LEMMA 1. By supposition, Pry, U; C U; for every 1, j, there-
fore Pry, U C U for every j, i.e. U intersects each V; orthogonally. Con-
sequently, Pry V; C Vj for every j, which yields Pry V' C V, which was to
be proved. On the other hand, let Z = Span(U;NV;: i€ I, j € J). Then
Pry, U; C Z, furthermore Pry V; = Pry, U C Z, which leads to Pry V C Z.
O

ProoOF OF LEMMA 2. We use that U and V intersect orthogonally if

and only if the projection operators onto them commute, that is Pry Pry
= Pry Pry. Now

PI‘U2 Pl"v2 = (PI’U — PrUl)(Prv — PI‘VI)
= Pry Pry — PI“U1 Pry — Pry PI“V1 + PI“U1 PI“Vl,

and by supposition the operators in all four terms commute, yielding
Pry, Pryy,. The second statement follows from Lemma 1. [

PROOF OF LEMMA 5. We use again that orthogonality in the Ls-space
of random variables f: S, — R, where S, is endowed with the probability
measure P(7) = 1/n!, is equivalent to orthogonality of vectors f in R™. We
denote by

o :0(71'»—> | (S X @)}), Ok :O'(Tl'l—> ‘W(ik X @)‘)
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the o-algebras of subsets of .S, generated by the random variables in paren-
theses. An element of Fj is a difference f1 = f — E(f | o%), where f is op-
measurable. Orthogonality to 1 means that F(fi1) = 0. For the other state-
ment, let g1 be an element of F;, where j > k. It is easy to check that under
the uniform distribution, o3 and o; are conditionally independent, given oy.
Therefore,

E(fig1) = E[E(fig1 | o%)] = E[E(f1 | 6%)E(g1 | o%)] =0,

since E(f1 | o) = 0 with probability 1. O
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