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ABSTRACT. The power of the convexity method is demonstrated by proving Qi and
Diaz—Metcalf type inequalities.

1. THE CONVEXITY METHOD IN PROBABILITY THEORY

The essence of this method is very simple. Let (Q, F) be a measurable space, P a
convex family of probability measures defined on it, and f = (f1,..., fn) : @ = R",
a Borel measurable function. Let @ C P be a subfamily, with P as its (weakly)
closed convex hull: P = conv(Q); one can think of the set of extremal points
of P, as the most important example (by the Krein-Milman theorem [9]). Then
the n-dimensional set of f-moments M(P) := { [, fdP : P € P} coincides with
the closed convex hull of the set M(Q). This makes it easier to characterize the
moment set M (P), which can then be used for deriving moment-type inequalities
in the following way. Let X be a random variable with distribution in P, and
suppose that the moments Ef(X) = pu1, Efa(X) = pa, ..., Efn_1(X) = pn—1 are
all known. We wish to find exact bounds for Ef,(X). Then clearly

inf{n : (1, .. ) € M(P)} < Efp(X) < sup{pin : (1, ) € M(P)},

and these bounds cannot be improved: the whole interval is obtained as the dis-
tribution of X runs through P. As a corollary we get that an inequality of the
form

hi(Efi(X),..., Efn1(X)) < Efu(X) < ho (Efi(X), ..., Efazi(X)),

where h; and hy are convex, resp. concave (n — 1)-variate functions, holds for every
X with distribution in P, if and only if it holds in Q.

The following convincing examples illustrate the applicability of the method.
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2 V. CSISZAR AND T. F. MORI

1. Let P be the set of k-dimensional probability distributions concentrated onto
the Borel set H C R¥. Then Q consists of all degenerate distributions (Dirac
measures) d, with x € H.

2. Let P be the set of probability distributions with fixed expectation u € R. Then
Q={P,, 1z <pu<y}U{d,}, where P, = 2L 5, + L= 5

y—x y—x

3. Let P consist of all symmetric unimodal distributions. By Khinchin’s well-known

result [2] Q is the family of symmetric uniform distributions U[—z, z], > 0.

y-

4. If P is the family of unimodal distributions with mode pu, then
Q={Ulz,y] 1z <p}U{Up, 2] : p < x}.

5. Let P be the family of probability distributions concentrated onto the unit in-
terval [0, 1], with concave density function f :[0,1] — R.

Define po(z) =2(1 —2), ¢1(z) =2z, 0<z <1l;andfor 0 <t <1 let

2% if0<z<t,
t

ei(z) = 1—2
21—, ift<e<l

These triangle functions are concave probability density functions, and every con-
cave probability density function f : [0,1] — R can be expressed as their mixture,
that is, there exists a probability measure A\ defined on the Borel subsets of [0, 1],
such that

flz) = /0 er(z) A(dt), 0<z <l (1.1)
Namely,

10 =15 e+ B2 e+ [ e T acno)n a2

where f) denotes the right derivative of f (decreasing and right continuous). This
formula can be checked easily by integrating in parts.

This method was applied e.g. in [4] to obtain sharp Bonferroni-Galambos type
inequalities, and in [5], to show that the correlation coefficient of the sample mean
and the sample variance is at most %, if the sample comes from a unimodal
distribution.

Here we apply the method for proving and generalizing some moment-type in-
equalities studied recently by T. K. Pogdny [6] and [7].

2. A PROBLEM OF QI REVISITED

Feng Qi [8] asked about conditions on f under which the inequality

/ @) > (/ b f(x)d:c)t_l
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holds for some ¢ > 1. Different answers can be found in [10] and [11]. In [6] Pogény
found conditions sufficient for the more general inequality

/ 1)) > ( / b f(:c)d:c>6- (2.1)

For another set of conditions see [10].

Consider the interval [a, b], with the Borel sets and the uniform distribution (i.e.,
(b —a)~! times the Lebesgue measure) defined on it. This is a probability space
and X = f is a random variable. Inequality (2.1) can be rewritten as

E(X%) > C(EX)?, (2.2)

where C = (b — a)’~!. We are going to demonstrate the power of the method
by finding sharp conditions on the range of X, under which (2.2) or the converse
inequality

E(X®) < C(EX)", (2.3)

holds for fixed 0 < 8 < a.

Let H = [z1,x2] be a (finite or infinite) interval, 0 < zy < 22 < 00. Suppose
P(X € H) = 1, that is, P is the family of probability distributions P such that
P(H) = 1. The set of extremal points is the set of degenerate (Dirac) distributions
Q = {0, : 2 € H}, hence the moment set M = {(EX,E(X®)): P(X € H) =1} is
equal to the convex hull conv{(z,2*) : € H}. Now, (2.2) holds if and only if M
lies entirely above the graph of the function 2 € H, z — cz®.

Definition. H = [z, 2] is called a mazimal interval of type I (type II, resp.) if
inequality (2.2) (inequality (2.3), resp.) holds for every random variable X such

that P(X € H) = 1, and no larger interval exists with the same property.

1
Let 2o be the only positive solution of the equation z® = Cz?, i.e., zg = C 8.

Theorem 2.1. Characterization of mazimal intervals of type I

Suppose a < 1. Then all maximal intervals H = [x1,x2] of type I can be obtain in
the following way: let z > xo be arbitrary, and let x1 < x5 be the positive solutions
of the equation

% =C(1 - )P +CpP e, (2.4)

On the other hand, if 1 < «, the only mazimal interval of type I is H = [z, +00).

Theorem 2.2. Characterization of maximal intervals of type II.

Suppose B < 1. Then there is only one mazimal interval of type II, namely
H =[0,z0]. On the other hand, if 1 < 8, then all mazimal intervals of type II can
be constructed by taking an arbitrary number z, 0 < z < xo, then H = [z1, 2],
where x1 and xo are the positive solutions of (2.4).

Remarks. When « < 1, solutions of (2.4) satisfy zo < 1 < x2, and every x; > zg
can be obtained in this way. Similarly, when 1 < 3, solutions of (2.4) satisfy
0 < z1 <29 < 20, and every x5, 0 < x5 < g, can be obtained in this way.
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The particular case @ > 1 and C' = (b—a)?~! in our Theorem 2.1 yields Theorem
2.1 of [6]. The weighted inequality of [5, Theorem 4.1] can also be derived from
our Theorem 2.1 in the same way, but for the basic probability space the uniform
distribution on [a,b] is to be replaced by the probability measure u([a,b]) ="' u(-).
Our Theorem 2.2 corresponds to Theorems 3.1 and 3.2 of [6]. There o was greater
than 1, the random variable X was defined as a function on [a, b] and it was supposed
to be concave. It is easy to see that the best (i.e., largest) bound was attained as
g — 1 in Theorem 3.2 there. Namely, in our terminology Pogany obtained that the

interval
1+a =5
a—p3
|:0’ o ( 3a ) :|

was of type II. Note that the multiplier of zy is always less than 1; this yields a
smaller interval than ours when § < 1. When 8 > 1, the multiplier of x is still
less than 0.4, but, due to the concavity of the random variable, no lower bound is
needed, unlike our Theorem 2.2 (for the concave case see our Theorem 2.3).

Proof of Theorem 2.1. Since the function z — x® is either convex or concave, the
moment set over H is just the area between the curve of the function and its chord.
When a < 1, the function is concave, hence the chord lies below the curve. Since
z® < Cz® for x < z and 2* > Cz® for > xo, a maximal interval of type I has
to be a subset of [xg,+00), and by the maximality, the chord must be tangential
to the curve x — Cz®. The straight line described on the right-hand side of (2.4)
is just the tangent to the curve z — Cz? at point z = z, see Fig.1.

Figure 1

If @ > 1, the function z — 2% is convex, hence the moment sets (closed convex
hulls) lie above the curve. Since 2* > Cxz? for x > x, H = [20,+0c) is a type I
interval and it cannot be extended, because z* < Cz? for 0 < z < zg. O
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Proof of Theorem 2.2. Tt follows the lines of the proof of Theorem 2.1 with obvious
changes (see Fig.2), therefore all details are omitted. O

Figure 2

In the last part of this section we slightly improve [5, Theorem 3.1] by increasing
the upper bound imposed on the concave function f. The proof is based on the
same principles as the convexity method is.

Theorem 2.3. Let f be nonnegative, concave and integrable on [a,b], and 0 < § <

a. Suppose

f(z) < (%(bljﬁ)al—ﬁ

/ab Fo@) do < </abf(a:) da:)ﬁ. (2.6)

Note that our constraint (2.5) is larger than those of Pogény [6], by a factor of
(¢}
(1.5)a=F at least.

x € [a,b]. (2.5)

Then

Proof. We shall apply an integral representation, which is an immediate conse-
quence of (1.1).

h— _
Define @, (z) = b_z,gob(:n)zz_z,agwgb; and for a <t < b let
T—a
P ifa<z<t,
ei(r) =9 5_ (2.7)
ift <x<hb.
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Then for every nonnegative concave function f : [a,b] — R there exists a finite
measure A defined on the Borel subsets of [a, b], such that

b
f(ﬂf):/ er(x) N(dt), a<z<b.

By using this representation we obtain

/abf(x)a = /ab (/b ‘Pt(m)k(dﬁ) e < Aa ) /ab /ab 5 () M) da
b b
=A([a,b])“‘1/a / o (x) da A(dt).

b b
Here / (z)% dz = b= 1  for every t € [a,b], and A([a,b]) = 2 2 / f(z)dzx by
«Q a

—a

Fubini’s theorem. Thus we obtain that

/f Mot = e 1(/bf<w>dx>a

§<a+1><2ba—a>6*1 maxf)” (/ fla )

By applying (2.5) we immediately get (2.6). O

Remark. Let us emphasize separately the following byproduct which may be of
independent interest.

Let f : [a,b] = R be a concave probability density function, and a > 1, then

b 9
/a [ (z)dz < T D0 (2.8)

2

Equality holds if and only if f(z) = T a oi(x) a.e. for some ¢, a <t < b, where
—a

¢y is defined in (2.7).

3. DIAZ-METCALF TYPE INEQUALITIES

When reformulated in a probabilistic setting, the Diaz—Metcalf inequality reads
as follows (cf. [1], [7]).

Let ¢ and 1 be bounded random variables,
Pmy <&E< M) =1, P(my<n< M) =1, (3.1
where ms > 0. Then
maMyEE* + my My En? < (mims + My M) Eén, (3.2)

and equality holds if and only if P(m2& = Min or M = myn) = 1.
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Let us generalize the problem slightly. Let a and b be fixed. We are interested
in the smallest positive ¢ such that

aE¢? + bEn? < cE¢y (3.3)

whenever condition (3.1) holds. Since our main goal is to demonstrate how the
convexity method works, we will suppose that my, ms, a, and b are all positive. This
is just to avoid discussion; the same proof with minor changes could be repeated in
all the other cases.

Now, P is the family of two dimensional probability measures concentrated onto
the rectangle [my, M1] x [ma, Ms]. The set of extremal points is the subfamily
of degenerate distributions. Inequality (3.3) holds for every pair £,n with joint
distribution in P, if and only if

az® + by? < cxy (3.4)

whenever my <z < My, and my <y < Ms.
Divide by zy in (3.4), and denote z/y by ¢ to obtain
mq M1

b
¢ = max; at —:—<t<—}.
X{ +t Ms = — ms

Since the function ¢ — at + b/t is convex, the maximum is attained at one of the
endpoints of the interval. That is,

my M2 M1 mso
czmax{aE—l—bm—l, am_2+bE}’
thus
a m b%, if a < mQMQ,
= M2 mq b m1M1 (35)
a% p2 oy ¢ mQMQ.
mso M1, b m1M1

As a particular case, we obtain (3.2).

At this point the following problem arises naturally. Let & and n be bounded
random variables; suppose E¢2 and En? are known. What is the range of E¢n?

In order to find a straightforward generalization to the problem, let us denote
€% and 72 by X and Y resp.; then én = v/ XY, a concave function of X and Y.
Thus, let (X,Y’) be a random vector, P[(X,Y) € D] = 1, where D = [a, A] x [b, B],
a< A, b< B. Let ¢ : D — R be a concave function; we are interested in the range
of Ep(X,Y) when EX and EY are fixed.

Theorem 3.1.
(a) Suppose that ¢(a,b) + ¢(A, B) > ¢(a, B) + ¢(A,D).
If (B—b)EX+ (A—a)EY < AB —ab, then

pEX +qEY +r < E¢(X,Y) < p(EX,EY),
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where
q= (,0((1, B) - L)O(au b)
’ B-b

— 90(’45 b) - @(aa b)
A—a ’

If (B—b)EX+ (A—a)EY > AB —ab, then

pEX + qEY +r < Ep(X,Y) < p(EX,EY),

where

90(’45 B) B QO(A) b)
B-b

(0.8) + g ¢4, ~ T ¥ B).

A, B) — ¢(a, B
p= 2B~ 0. B) S
—a

T:A—a

(b) Suppose that p(a,b) + (A, B) < ¢(a, B) + ¢(4,b).
If (B—b)EX —(A—a)EY <aB — Ab, then

pEX +qEY +r < E¢(X,Y) < p(EX,EY),

where
p:(p(AvB)_Lp(aaB) q:(p(avB)_Lp(a:b)
A—a ’ B-b ’
B aB — Ab a
= TG =g @B~ g 94 D)

If (B—b)EX —(A—a)EY >aB — Ab, then

pEX +qEY +r < E¢(X,Y) < p(EX,EY),

where
p= ‘p(A/b) — (p(asb) q= <p(A,B) — ‘p(A,b)
A—a ’ B-b '
A aB — Ab b
r=1"a (a,b) — m@(f‘lab) - m@(AaB)-
Proof. By introducing
, X —a , Y —b , _ _ _
X'=F— Vi=g— d@y=vla+d-azb+(B-by)

one can reduce the problem to the case where a =b=0, A= B =1.
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Again, P is the family of probability distributions concentrated onto the unit
square D, and the moment set M = {(EX,EY, E¢(X,Y)): P[(X,Y) € D] = 1}
is equal to the convex hull of {(a:,y, 2): (z,y) € D,z = p(x, y)} the graph of .

Since ¢ is concave, the convex hull is bordered from above by the graph itself.
Introduce the notation ¢;; = ¢(4,j), i, j € {0,1}. Then the moment set is bordered
from below by the lower faces of the tetrahedron with vertices Vi; = (4, j, ¢ij),
i,7 € {0,1}. If edge Voo Vi1 lies below edge Vo1 Vig, the lower faces are the triangles
VooVio Vi1 and VoVi1 Vo1, otherwise the lower faces are triangles VpoVioVh1 and
Vo1VioVi1. The edges to be compared have their bisectors differ just in the third
coordinate, thus the two cases above take place according as g + @11 is less or
greater than ¢g1 + ¢10.

Figure 3

The equations of the planes through the faces of the tetrahedron are:

zy z 1 z y =z 1
VooVio Vi1 : ? g Z?g } =0, Voo Vi1 Vor ¢ (1) ? 23[1) } =0,

11 o 1 0 1 ¢o1 1

r y =z 1 z y =z 1
VooVioVor : (1) 8 5?3 } =0, Vo1 VioVis ¢ (1] é 5?; } =0.

0 1 ¢u 1 11 ¢ 1

In each case the points (z,y, z) above the plane satisfy the equation with > in place
of the equality sign.
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Suppose first that poo + @11 > @o1 + p10. Then the lower bound for E¢(X,Y)
comes from the matrix corresponding to the face VpoVigVp1 or V1 VigVi1, according
as EX+ EY <1lor EX + EY > 1. Thus,

(oo — 010) EX + (011 — ¢00)EY + o0 < Ep(X,Y) < p(EX,EY),
if EX < EY, and
(P11 — vo1) EX + (p11 — 910) EY + (¢10 + w01 — p11) < Ep(X,Y) < p(EX, EY),

if EX > EY. This proves part (a) of Theorem 3.1. Part (b) can be proved similarly,
details are left to the reader. O

Remark. Conditions of equality in the upper bound depend on the function . If
@ is strictly concave, equality holds if and only if both X and Y are degenerate.

In the lower bound equality holds if and only if the joint distribution of X and
Y is concentrated onto the projection of the vertices of one of the lower faces. In
details:

If p(a,b) + ¢(A, B) = p(a, o(A,b
If p(a,b) + ¢(A, B) > ¢(a, ©(A,b), then

— either P[(X,Y) € {(a,b), (a, B), (A,B)}] =1,
~ or P[(X,Y) € {(a,b),(A,b),(4,B)}] = 1.

If p(a,b) + ¢(A, B) < p(a, B) + p(A,b), then

— either P[(X,Y) € {a,b), (a, B), (A,b)}] =1,

B) + ,b), then P(X € {a,A},Y € {b,B}) = 1.
B) +

Y

~ or P[(X,Y) € {(A,B),(a,B),(4,b)}] = 1.

Finally, let us turn back to the Diaz—Metcalf inequality. Let 0 < v < 1/2, then
o(z,y) = (zy)7 is concave for nonnegative x,y, and

<p(a,b) + (p(A/B) - (p(asB) + (p(A,b) = (AFY - a’Y)(B’Y - bﬁy) > 0:

thus Theorem 3.1(a) applies. By substitution v = 1/2, X = €2, Y = n?, a = m},
A= M2, b=m2, B= M2, we obtain that the exact lower bound to E¢n in terms
of E¢% and En? is of the form pE¢? + qEn® + r, where

ma mi

VA q:ma r = (M1 My — mimsa)pg,

p:

if (M3 —m3)E¢* + (Mp —mi)En* < M{M3 —mim3, and

M,y M,
— . = , r=—(M;Ms—mim
p my + My’ 1 me + My’ (M, M, 1m2)pg

otherwise. Note that both choices provide lower bounds, the exact bound is always
the greater one. Multiply these inequalities by M; Ms and mjms, respectively, then
add them together to obtain the Diaz—Metcalf inequality. For equality both bounds
have to be strict, that is, we are on the edge shared by the two lower faces. Thus
the condition, necessary and sufficient for the equality, is

P[(X,Y) € {(m1, M>), (M1,ms)}] = 1.
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