
THE CONVEXITY METHOD OFPROVING MOMENT-TYPE INEQUALITIESVill}o Csisz�ar and Tam�as F. M�oriyDepartment of Probability Theory andStatisti
s, Lor�and E�otv�os University, BudapestAbstra
t. The power of the 
onvexity method is demonstrated by proving Qi andDiaz{Met
alf type inequalities.
1. The 
onvexity method in probability theoryThe essen
e of this method is very simple. Let (
;F) be a measurable spa
e, P a
onvex family of probability measures de�ned on it, and f = (f1; : : : ; fn) : 
! Rn ,a Borel measurable fun
tion. Let Q � P be a subfamily, with P as its (weakly)
losed 
onvex hull: P = 
onv(Q); one 
an think of the set of extremal pointsof P , as the most important example (by the Krein{Milman theorem [9℄). Thenthe n-dimensional set of f -moments M(P) := �R
 f dP : P 2 P	 
oin
ides withthe 
losed 
onvex hull of the set M(Q). This makes it easier to 
hara
terize themoment set M(P), whi
h 
an then be used for deriving moment-type inequalitiesin the following way. Let X be a random variable with distribution in P , andsuppose that the moments Ef1(X) = �1; Ef2(X) = �2; : : : ; Efn�1(X) = �n�1 areall known. We wish to �nd exa
t bounds for Efn(X). Then 
learlyinf��n : (�1; : : : �n) 2M(P)	 � Efn(X) � sup��n : (�1; : : : �n) 2M(P)	;and these bounds 
annot be improved: the whole interval is obtained as the dis-tribution of X runs through P . As a 
orollary we get that an inequality of theform h1�Ef1(X); : : : ; Efn�1(X)� � Efn(X) � h2�Ef1(X); : : : ; Efn�1(X)�;where h1 and h2 are 
onvex, resp. 
on
ave (n�1)-variate fun
tions, holds for everyX with distribution in P , if and only if it holds in Q.The following 
onvin
ing examples illustrate the appli
ability of the method.2000 Mathemati
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2 V. CSISZ�AR AND T. F. M�ORI1. Let P be the set of k-dimensional probability distributions 
on
entrated ontothe Borel set H � Rk . Then Q 
onsists of all degenerate distributions (Dira
measures) Æx with x 2 H .2. Let P be the set of probability distributions with �xed expe
tation � 2 R. ThenQ = fPxy : x < � < yg [ fÆ�g, where Pxy = y � �y � x Æx + �� xy � x Æy.3. Let P 
onsist of all symmetri
 unimodal distributions. By Khin
hin's well-knownresult [2℄ Q is the family of symmetri
 uniform distributions U [�x; x℄, x � 0.4. If P is the family of unimodal distributions with mode �, thenQ = fU [x; �℄ : x < �g [ fU [�; x℄ : � � xg:5. Let P be the family of probability distributions 
on
entrated onto the unit in-terval [0; 1℄, with 
on
ave density fun
tion f : [0; 1℄! R.De�ne '0(x) = 2(1� x); '1(x) = 2x; 0 � x � 1; and for 0 < t < 1 let't(x) = 8><>: 2 xt ; if 0 � x < t;2 1� x1� t ; if t � x � 1:These triangle fun
tions are 
on
ave probability density fun
tions, and every 
on-
ave probability density fun
tion f : [0; 1℄! R 
an be expressed as their mixture,that is, there exists a probability measure � de�ned on the Borel subsets of [0; 1℄,su
h that f(x) = Z 10 't(x)�(dt); 0 < x < 1: (1.1)Namely,f(x) = f(0+)2 '0(x) + f(1�)2 '1(x) + Z(0;1) 't(x) t(1� t)2 d(�f 0+(t)); (1.2)where f 0+ denotes the right derivative of f (de
reasing and right 
ontinuous). Thisformula 
an be 
he
ked easily by integrating in parts.This method was applied e.g. in [4℄ to obtain sharp Bonferroni{Galambos typeinequalities, and in [5℄, to show that the 
orrelation 
oeÆ
ient of the sample meanand the sample varian
e is at most 1516 , if the sample 
omes from a unimodaldistribution.Here we apply the method for proving and generalizing some moment-type in-equalities studied re
ently by T. K. Pog�any [6℄ and [7℄.2. A problem of Qi revisitedFeng Qi [8℄ asked about 
onditions on f under whi
h the inequalityZ ba [f(x)℄tdx � �Z ba f(x)dx�t�1



MOMENT-TYPE INEQUALITIES 3holds for some t > 1. Di�erent answers 
an be found in [10℄ and [11℄. In [6℄ Pog�anyfound 
onditions suÆ
ient for the more general inequalityZ ba [f(x)℄�dx � �Z ba f(x)dx�� : (2.1)For another set of 
onditions see [10℄.Consider the interval [a; b℄, with the Borel sets and the uniform distribution (i.e.,(b � a)�1 times the Lebesgue measure) de�ned on it. This is a probability spa
eand X = f is a random variable. Inequality (2.1) 
an be rewritten asE(X�) � C (EX)� ; (2.2)where C = (b � a)��1. We are going to demonstrate the power of the methodby �nding sharp 
onditions on the range of X , under whi
h (2.2) or the 
onverseinequality E(X�) � C (EX)� ; (2.3)holds for �xed 0 < � < �.Let H = [x1; x2℄ be a (�nite or in�nite) interval, 0 � x1 < x2 � 1. SupposeP (X 2 H) = 1, that is, P is the family of probability distributions P su
h thatP (H) = 1. The set of extremal points is the set of degenerate (Dira
) distributionsQ = fÆx : x 2 Hg, hen
e the moment setM = �(EX;E(X�)) : P (X 2 H) = 1	 isequal to the 
onvex hull 
onv�(x; x�) : x 2 H	. Now, (2.2) holds if and only if Mlies entirely above the graph of the fun
tion x 2 H; x 7! 
 x� .De�nition. H = [x1; x2℄ is 
alled a maximal interval of type I (type II , resp.) ifinequality (2.2) (inequality (2.3), resp.) holds for every random variable X su
hthat P (X 2 H) = 1, and no larger interval exists with the same property.Let x0 be the only positive solution of the equation x� = Cx� , i.e., x0 = C 1��� .Theorem 2.1. Chara
terization of maximal intervals of type I.Suppose � < 1. Then all maximal intervals H = [x1; x2℄ of type I 
an be obtain inthe following way: let z � x0 be arbitrary, and let x1 < x2 be the positive solutionsof the equation x� = C(1� �)z� + C�z��1x: (2.4)On the other hand, if 1 � �, the only maximal interval of type I is H = [x0;+1).Theorem 2.2. Chara
terization of maximal intervals of type II.Suppose � � 1. Then there is only one maximal interval of type II, namelyH = [0; x0℄. On the other hand, if 1 < �, then all maximal intervals of type II 
anbe 
onstru
ted by taking an arbitrary number z, 0 < z � x0, then H = [x1; x2℄,where x1 and x2 are the positive solutions of (2.4).Remarks. When � < 1, solutions of (2.4) satisfy x0 � x1 < x2, and every x1 � x0
an be obtained in this way. Similarly, when 1 < �, solutions of (2.4) satisfy0 < x1 < x2 � x0, and every x2, 0 < x2 � x0, 
an be obtained in this way.



4 V. CSISZ�AR AND T. F. M�ORIThe parti
ular 
ase � > 1 and C = (b�a)��1 in our Theorem 2.1 yields Theorem2.1 of [6℄. The weighted inequality of [5, Theorem 4.1℄ 
an also be derived fromour Theorem 2.1 in the same way, but for the basi
 probability spa
e the uniformdistribution on [a; b℄ is to be repla
ed by the probability measure �([a; b℄)�1�(�).Our Theorem 2.2 
orresponds to Theorems 3.1 and 3.2 of [6℄. There � was greaterthan 1, the random variableX was de�ned as a fun
tion on [a; b℄ and it was supposedto be 
on
ave. It is easy to see that the best (i.e., largest) bound was attained asq ! 1 in Theorem 3.2 there. Namely, in our terminology Pog�any obtained that theinterval �0; x0 �1 + �3� � 1��� �was of type II. Note that the multiplier of x0 is always less than 1; this yields asmaller interval than ours when � � 1. When � > 1, the multiplier of x0 is stillless than 0.4, but, due to the 
on
avity of the random variable, no lower bound isneeded, unlike our Theorem 2.2 (for the 
on
ave 
ase see our Theorem 2.3).Proof of Theorem 2.1. Sin
e the fun
tion x 7! x� is either 
onvex or 
on
ave, themoment set over H is just the area between the 
urve of the fun
tion and its 
hord.When � < 1, the fun
tion is 
on
ave, hen
e the 
hord lies below the 
urve. Sin
ex� < Cx� for x < x0 and x� > Cx� for x > x0, a maximal interval of type I hasto be a subset of [x0;+1), and by the maximality, the 
hord must be tangentialto the 
urve x 7! Cx� . The straight line des
ribed on the right-hand side of (2.4)is just the tangent to the 
urve x 7! Cx� at point x = z, see Fig.1.

Figure 1If � � 1, the fun
tion x 7! x� is 
onvex, hen
e the moment sets (
losed 
onvexhulls) lie above the 
urve. Sin
e x� � Cx� for x � x0, H = [x0;+1) is a type Iinterval and it 
annot be extended, be
ause x� < Cx� for 0 < x < x0. �



MOMENT-TYPE INEQUALITIES 5Proof of Theorem 2.2. It follows the lines of the proof of Theorem 2.1 with obvious
hanges (see Fig.2), therefore all details are omitted. �

Figure 2In the last part of this se
tion we slightly improve [5, Theorem 3.1℄ by in
reasingthe upper bound imposed on the 
on
ave fun
tion f . The proof is based on thesame prin
iples as the 
onvexity method is.Theorem 2.3. Let f be nonnegative, 
on
ave and integrable on [a; b℄, and 0 < � <�. Suppose f(x) � � 1 + �2�(b� a)1�� � 1��� ; x 2 [a; b℄: (2.5)Then Z ba f�(x) dx � �Z ba f(x) dx�� : (2.6)Note that our 
onstraint (2.5) is larger than those of Pog�any [6℄, by a fa
tor of(1:5) ���� at least.Proof. We shall apply an integral representation, whi
h is an immediate 
onse-quen
e of (1.1).De�ne 'a(x) = b� xb� a , 'b(x) = x� ab� a , a � x � b; and for a < t < b let't(x) = 8><>: x� at� a ; if a � x < t;b� xb� t ; if t � x � b: (2.7)



6 V. CSISZ�AR AND T. F. M�ORIThen for every nonnegative 
on
ave fun
tion f : [a; b℄ ! R there exists a �nitemeasure � de�ned on the Borel subsets of [a; b℄, su
h thatf(x) = Z ba 't(x)�(dt); a < x < b:By using this representation we obtainZ ba f(x)� dx = Z ba �Z ba 't(x)�(dt)��dx � �([a; b℄)��1 Z ba Z ba '�t (x)�(dt) dx= �([a; b℄)��1 Z ba Z ba '�t (x) dx �(dt):Here Z ba 't(x)� dx = b� a�+ 1 for every t 2 [a; b℄, and �([a; b℄) = 2b� a Z ba f(x) dx byFubini's theorem. Thus we obtain thatZ ba f(x)� dx � b� a�+ 1 �([a; b℄)� = 2�(�+ 1)(b� a)��1�Z ba f(x) dx��� 2�(�+ 1)(b� a)��1 �max[a;b℄ f�����Z ba f(x) dx��:By applying (2.5) we immediately get (2.6). �Remark. Let us emphasize separately the following byprodu
t whi
h may be ofindependent interest.Let f : [a; b℄! R be a 
on
ave probability density fun
tion, and � > 1, thenZ ba f�(x)dx � 2�(�+ 1)(b� a)��1 : (2.8)Equality holds if and only if f(x) = 2b� a 't(x) a.e. for some t, a � t � b, where't is de�ned in (2.7).3. Diaz{Met
alf type inequalitiesWhen reformulated in a probabilisti
 setting, the Diaz{Met
alf inequality readsas follows (
f. [1℄, [7℄).Let � and � be bounded random variables,P (m1 � � �M1) = 1; P (m2 � � �M2) = 1; (3.1)where m2 > 0. Thenm2M2E�2 +m1M1E�2 � (m1m2 +M1M2)E��; (3.2)and equality holds if and only if P (m2� =M1� or M2� = m1�) = 1.



MOMENT-TYPE INEQUALITIES 7Let us generalize the problem slightly. Let a and b be �xed. We are interestedin the smallest positive 
 su
h thataE�2 + bE�2 � 
E�� (3.3)whenever 
ondition (3.1) holds. Sin
e our main goal is to demonstrate how the
onvexity method works, we will suppose thatm1,m2, a, and b are all positive. Thisis just to avoid dis
ussion; the same proof with minor 
hanges 
ould be repeated inall the other 
ases.Now, P is the family of two dimensional probability measures 
on
entrated ontothe re
tangle [m1;M1℄ � [m2;M2℄. The set of extremal points is the subfamilyof degenerate distributions. Inequality (3.3) holds for every pair �; � with jointdistribution in P , if and only if ax2 + by2 � 
xy (3.4)whenever m1 � x �M1, and m2 � y �M2.Divide by xy in (3.4), and denote x=y by t to obtain
 = maxnat+ bt : m1M2 � t � M1m2 o:Sin
e the fun
tion t 7! at + b=t is 
onvex, the maximum is attained at one of theendpoints of the interval. That is,
 = maxna m1M2 + b M2m1 ; a M1m2 + b m2M1o;thus 
 = 8><>: a m1M2 + b M2m1 ; if ab � m2M2m1M1 ;a M1m2 + b m2M1 ; if ab > m2M2m1M1 : (3.5)As a parti
ular 
ase, we obtain (3.2).At this point the following problem arises naturally. Let � and � be boundedrandom variables; suppose E�2 and E�2 are known. What is the range of E��?In order to �nd a straightforward generalization to the problem, let us denote�2 and �2 by X and Y resp.; then �� = pXY , a 
on
ave fun
tion of X and Y .Thus, let (X;Y ) be a random ve
tor, P �(X;Y ) 2 D� = 1, where D = [a;A℄� [b; B℄,a < A, b < B. Let ' : D ! R be a 
on
ave fun
tion; we are interested in the rangeof E'(X;Y ) when EX and EY are �xed.Theorem 3.1.(a) Suppose that '(a; b) + '(A;B) � '(a;B) + '(A; b).If (B � b)EX + (A� a)EY � AB � ab, thenpEX + qEY + r � E'(X;Y ) � '(EX;EY );



8 V. CSISZ�AR AND T. F. M�ORIwhere p = '(A; b)� '(a; b)A� a ; q = '(a;B)� '(a; b)B � b ;r = AB � ab(A� a)(B � b) '(a; b)� bB � b '(a;B)� aA� a '(A; b):If (B � b)EX + (A� a)EY > AB � ab, thenpEX + qEY + r � E'(X;Y ) � '(EX;EY );where p = '(A;B)� '(a;B)A� a ; q = '(A;B) � '(A; b)B � b ;r = AA� a '(a;B) + BB � b '(A; b)� AB � ab(A� a)(B � b) '(A;B):(b) Suppose that '(a; b) + '(A;B) < '(a;B) + '(A; b).If (B � b)EX � (A� a)EY � aB �Ab, thenpEX + qEY + r � E'(X;Y ) � '(EX;EY );where p = '(A;B) � '(a;B)A� a ; q = '(a;B) � '(a; b)B � b ;r = BB � b '(a; b) + aB �Ab(A� a)(B � b) '(a;B) � aA� a '(A;B):If (B � b)EX � (A� a)EY > aB �Ab, thenpEX + qEY + r � E'(X;Y ) � '(EX;EY );where p = '(A; b) � '(a; b)A� a ; q = '(A;B) � '(A; b)B � b ;r = AA� a '(a; b)� aB �Ab(A� a)(B � b) '(A; b) � bB � b '(A;B):Proof. By introdu
ingX 0 = X � aA� a ; Y 0 = Y � bB � b ; '0(x; y) = '�a+ (A� a)x; b+ (B � b)y�one 
an redu
e the problem to the 
ase where a = b = 0, A = B = 1.



MOMENT-TYPE INEQUALITIES 9Again, P is the family of probability distributions 
on
entrated onto the unitsquare D, and the moment set M = �(EX;EY;E'(X;Y )) : P �(X;Y ) 2 D� = 1	is equal to the 
onvex hull of �(x; y; z) : (x; y) 2 D; z = '(x; y)	, the graph of '.Sin
e ' is 
on
ave, the 
onvex hull is bordered from above by the graph itself.Introdu
e the notation 'ij = '(i; j), i; j 2 f0; 1g. Then the moment set is borderedfrom below by the lower fa
es of the tetrahedron with verti
es Vij = (i; j; 'ij),i; j 2 f0; 1g. If edge V00V11 lies below edge V01V10, the lower fa
es are the trianglesV00V10V11 and V00V11V01, otherwise the lower fa
es are triangles V00V10V01 andV01V10V11. The edges to be 
ompared have their bise
tors di�er just in the third
oordinate, thus the two 
ases above take pla
e a

ording as '00 + '11 is less orgreater than '01 + '10.

Figure 3The equations of the planes through the fa
es of the tetrahedron are:V00V10V11 : �������x y z 10 0 '00 11 0 '10 11 1 '11 1 ������� = 0; V00V11V01 : �������x y z 10 0 '00 11 1 '11 10 1 '01 1 ������� = 0;V00V10V01 : �������x y z 10 0 '00 11 0 '10 10 1 '01 1 ������� = 0; V01V10V11 : �������x y z 10 1 '01 11 0 '10 11 1 '11 1 ������� = 0:In ea
h 
ase the points (x; y; z) above the plane satisfy the equation with � in pla
eof the equality sign.



10 V. CSISZ�AR AND T. F. M�ORISuppose �rst that '00 + '11 � '01 + '10. Then the lower bound for E'(X;Y )
omes from the matrix 
orresponding to the fa
e V00V10V01 or V01V10V11, a

ordingas EX +EY � 1 or EX +EY � 1. Thus,('00 � '10)EX + ('11 � '00)EY + '00 � E'(X;Y ) � '(EX;EY );if EX � EY , and('11 � '01)EX + ('11 � '10)EY + ('10 + '01 � '11) � E'(X;Y ) � '(EX;EY );if EX > EY . This proves part (a) of Theorem 3.1. Part (b) 
an be proved similarly,details are left to the reader. �Remark. Conditions of equality in the upper bound depend on the fun
tion '. If' is stri
tly 
on
ave, equality holds if and only if both X and Y are degenerate.In the lower bound equality holds if and only if the joint distribution of X andY is 
on
entrated onto the proje
tion of the verti
es of one of the lower fa
es. Indetails:If '(a; b) + '(A;B) = '(a;B) + '(A; b), then P �X 2 fa;Ag; Y 2 fb; Bg� = 1.If '(a; b) + '(A;B) > '(a;B) + '(A; b), then{ either P �(X;Y ) 2 f(a; b); (a;B); (A;B)g� = 1,{ or P �(X;Y ) 2 f(a; b); (A; b); (A;B)g� = 1.If '(a; b) + '(A;B) < '(a;B) + '(A; b), then{ either P �(X;Y ) 2 fa; b); (a;B); (A; b)g� = 1,{ or P �(X;Y ) 2 f(A;B); (a;B); (A; b)g� = 1.Finally, let us turn ba
k to the Diaz{Met
alf inequality. Let 0 < 
 � 1=2, then'(x; y) = (xy)
 is 
on
ave for nonnegative x; y, and'(a; b) + '(A;B)� '(a;B) + '(A; b) = (A
 � a
)(B
 � b
) � 0;thus Theorem 3.1(a) applies. By substitution 
 = 1=2, X = �2, Y = �2, a = m21,A =M21 , b = m22, B =M22 , we obtain that the exa
t lower bound to E�� in termsof E�2 and E�2 is of the form pE�2 + qE�2 + r, wherep = m2m1 +M1 ; q = m1m2 +M2 ; r = (M1M2 �m1m2)pq;if (M22 �m22)E�2 + (M21 �m21)E�2 �M21M22 �m21m22, andp = M2m1 +M1 ; q = M1m2 +M2 ; r = �(M1M2 �m1m2)pqotherwise. Note that both 
hoi
es provide lower bounds, the exa
t bound is alwaysthe greater one. Multiply these inequalities byM1M2 and m1m2, respe
tively, thenadd them together to obtain the Diaz{Met
alf inequality. For equality both boundshave to be stri
t, that is, we are on the edge shared by the two lower fa
es. Thusthe 
ondition, ne
essary and suÆ
ient for the equality, isP �(X;Y ) 2 f(m1;M2); (M1;m2)g� = 1:
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